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ABSTRACT 

Although t h e  Born-Oppenheimer s e p a r a t i o n  i s  u s u a l l y  an  exceLIect  

approximation, i t  need not  be for  e i t h e r  very la rge  or  very  small 

nuc lea r  s epa ra t ions .  And even near t h e  equ i l ib r ium sepa ra t ion ,  

h i g h l y  a c c u r a t e  c a l c u l a t i o n s  such a s  those  of Kolos and Wolniewicz 

make t h e  e v a l u a t i o n  of co r rec t ions  e s s e n t i a l .  I n  add i t ion ,  due t o  

r o t a t i o n a l  degeneracies ,  t h e  usua l  s i n g l e  product of an  e l e c t r o n i c  

and a nuc lear  wavefunction i s  not always a proper zeroth-order  

so l u  t ion  of t h e  Schr od inger  equat ion.  
11 

I n  t h i s  s tudy  t h e  cen te r  of mass and r o t a t i o n a l  motions of 5n 

a r b i t r a r y  diatomic system a r e  e x a c t l y  separa ted  off. The removal 

is s i m p l i f i e d  by t h e  use  of t he  r o t a t i o n  opera tor  i t s e l f  r a t h e r  

t han  t h e  r e p r e s e n t a t i o n s  of the  r o t a t i o n  group. The Bre i t -Pau l i  

Hamiltonian (which al lows magnetic and r e l a t i v i s t i c  c o r r e c t i o n s  

t o  be  inc luded)  is carried through the  t ransformat ions .  
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Coupled e q u a t i m s  for i n t e r n a l  motion are obtained which form 

a b a s i c  s t a r t i n g  poin t  for any exac t  t reatment  of diatomic molecules. 

Use of angular  momentum r a i s i n g  and lowering ope ra to r s  a l lows  he 

coupled equat ions  t o  be expressed i n  a simpler form than they have 

been previously.  

The equat ions  are treated he re  by pe r tu rba t ion  methods which 

s t a r t  from the  a d i a b a t i c  and Born-Oppenheimer approximations. 

S e l e c t i o n  rules and formulas fo r  t he  c o r r e c t i o n s  t o  long range 

in te ra tomic  p o t e n t i a l s  a r e  given, and s i g n i f i c a n t  c o r r e c t i o n s  TQ 

t h e  c e n t r i f u g a l  

of two hydrogen 

p o t e n t i a l  are found. F ina l ly ,  t h e  i n t e r e c t i o n  

atoms is  t r e a t e d  as an example. 
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I. INTRODUCTION 

A .  The Problem 

Although t h e  Born-Oppenheimer (BO) separa t ion"  * i s  u s u a l l y  an 

e x c e l l e n t  approximation, r e c e n t  accu ra t e  c a l c u l a t i o n s  make it 

necessary  t o  eva lua te  co r rec t ions  t o  i t .  These c o r r e c t i o n s  have 

two b a s i c  e f f e c t s :  t hey  s h i f t  the in te rmolecular  p o t e n t i a l  curve  

and t h e  a s soc ia t ed  v i b r a t i o n a l  and r o t a t i o n a l  ene rg ie s ,  and they  

induce t r a n s i t i o n  p r o b a b i l i t i e s  between d i f f e r e n t  e l e c t r o n i c  s ta tes  

and t h e i r  a s soc ia t ed  p o t e n t i a l  curves.  

A formalism i s  presented  i n  t h i s  paper which i s  v a l i d  f o r  any 

s t a t e  of an  a r b i t r a r y  diatomic system and which a l lows  c o r r e c t i o n s  

t o  t h e  BO approximation t o  be t r e a t e d  t o  any des i r ed  accuracy.  

The r e s u l t s  a re  a p p l i e d  t o  t h e  c a l c u l a t i o n  of c o r r e c t i o n s  t o  long 

range  in t e ra tomic  p o t e n t i a l s .  

I n  t h i s  s e c t i o n  w e  ske tch  the  BO approximation, d i s c u s s  t h e  

e f f e c t s  of t h e  c o r r e c t i o n s ,  and o u t l i n e  our t rea tment  of t h e  problem. 

B. The Born-Oppenheimer Approximation 

I n  t h i s  paper w e  u se  t h e  term "Born-Oppenheimer" (BO) 

approximat ionlJ2  t o  r e f e r  only t o  t h e  s imples t  and most common 

type  of s e p a r a t i o n  of e l e c t r o n i c  and nuc lear  motion. 

3 i s  fundamental t o  most molecular quantum mechanics. I n  t h e  u s u a l  

"der iva t ions"  one f i r s t  neg lec t s  t h e  k i n e t i c  energy of t h e  nuc le i ,  

This  s e p a r a t i o n  

i n  the  t o t a l  Hamiltonian, H = TR + He, and so lves  t h e  remaining TR 

i 



2 

e l e c t r o n i c  equation 

Here r r ep resen t s  t he  e l e c t r o n i c  var iab les ,and  R r e p r e s e n t s  a 

parametr ic  dependence of t he  e l e c t r o n i c  wave func t ions  and energy on 

the  nuc lear  va r i ab le s .  

a s  t h e  p o t e n t i a l  energy governing the  nuc lear  motion, 

This  e l e c t r o n i c  energy, Ci(R), i s  then  used 

This  form of t h e  BO approximation 

(1-2) 

u s u a l l y  works remarkably w e l l  

and b commonly used f o r  a l l  molecular quantum mechanics, both bound 

and unbound s t a t e s ,  fo r  a l l  ranges of t he  i n t e r n u c l e a r  d i s t a n c e s .  

But such uses  a r e  o f t e n  not  r e a l l y  j u s t i f i e d .  

of Born and Oppenheimer'' i s  a r igo rous  p e r t u r b a t i o n  t rea tment  

( i n  which the  common BO approximation given above i s  only t h e  

zero th-order  approximation), bu t  t he  t rea tment  i s  only  v a l i d  f o r  

bound s t a t e  molecules i n  non-degenerate e l e c t r o n i c  s t a t e s  w i t h  t h e  

n u c l e i  execut ing small o s c i l l a t i o n s  about t h e i r  equ i l ib r ium p o s i t i o n s .  

For o ther  s t a t e s  one needs t o  know t h e  e r r o r s  in t roduced  by t h e  

approximation. 

The o r i g i n a l  d e r i v a t i o n  

Correct ions t o  the  BO approximation are of two t y p e s ;  

1) a d i a b a t i c  c o r r e c t i o n s  a r i s i n g  from t h e  a c t i o n  of TR on pi , 
and 2)  nonadiabat ic  c o r r e c t i o n s  involv ing  e l e c t r o n i c  s t a t e s  o t h e r  

Y 
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than  . They a r i s e  from t h e  i n a b i l i t y  of one e l e c t r o n i c  func t ion  

t o  adequately descr ibe  the  system. 

of c o r r e c t i o n s  and t h e i r  e f f e c t s .  

We now d i s c u s s  t h e s e  two types 

C. The Adiabat ic  Approximation 

The common BO approximation given above assumes t h a t  t he  
11 

s o l u t i o n  of t h e  complete Schrodinger equat ion,  

i s  adequately given by 

product  i s  s u b s t i t u t e d  

t h e  product z i p $  . However, i f  t h i s  

i n t o  (1-3), m u l t i p l i e d  by %* and i n t e g r a t e d  

over e l e c t r o n i c  coord ina tes ,  t he re  are some c o r r e c t i o n  terms 

a r i s i n g  from t h e  a c t i o n  of TR on , which add t o  Ei(R). I f  

t h e y  a r e  r e t a i n e d ,  t h e  equat ion for  nuclear  motion i s  a l t e r e d  

s l i g h t l y ,  

E L + ( R ) ,  

This  approximation i s  c a l l e d  by Born’ the  a d i a b a t i c  approximation, 

s o  t h a t  t he  (R) a r e  thus  t h e  a d i a b a t i c  c o r r e c t i o n s  t o  t h e  

in te rmolecular  p o t e n t i a  1. 

P 

4 The s i g n  of (R) deserves mention. Eps te in  has  shown 
(;cc 

t h a t  t h e  BO approximation, i f  solved a c c u r a t e l y  enough, gives  a 
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lower bound t o  the  t o t a l  energy. But i n  t h e  a d i a b a t i c  approximation, 

y$% is  t r e a t e d  simply as a n  approximate s o l u t i o n  and must 

provide an upper bound t o  t h e  t o t a l  energy by t h e  v a r i a t i o n  p r i n c i p l e .  

Hence, r e t e n t i o n  of 

However, r a t h e r  than  c a l c u l a t i n g  the  t o t a l  energy i n  (1-4) one 

u s u a l l y  so lves  i t  wi th  t h e  ze ro  poin t  of energy chosen s o  t h a t  t he  

e f f e c t i v e  p o t e n t i a l  E 2 ( R )  + f&(R) 0 as  R - W  . With 

t h e  c o r r e c t i o n s  t o  t h e  separa ted  atoms thus  sub t r ac t ed  o f f ,  

may e i t h e r  r a i s e  or  lower t h e  BO p o t e n t i a l ,  depending on the  va lue  

of R and the system being considered.  

€ 8  (R)  r a i s e s  t h e  t o t a l  energy c a l c u l a t e d .  ‘fi 

E‘>(R) 

The fL)(R) must be r e t a i n e d  i n  order  t o  o b t a i n  accu ra t e  va lues  

of molecular r o t a t i o n a l  energies1j2,  i so tope  s h i f t s  and observed 

cons t an t s  i n  molecular ~ p e c t r a ~ ’ ~  and e f f e c t i v e  in te rmolecular  p o t e n t i a l s .  

Considerable work on t h e s e  c o r r e c t i o n s  has  been done r e c e n t l y  i n  

a t tempts  t o  produce p e r f e c t  agreement between c a l c u l a t e d  and 

spec t roscopic  p o t e n t i a l  energy curves,  most ly  on t h e  hydrogen 

molecule-ion , t he  hydrogen molecule 

i s o t o p i c  analogs.  Most of t h e  work done has  been on bound s t a t e  

molecules i n  low v i b r a t i o n a l  s ta tes .  The c o r r e c t i o n s  found have been 

very  small ,  a s  expected, s i n c e  t h i s  i s  p r e c i s e l y  t h e  case  i n  which 

Born and Oppenheimer” 

and t h e i r  mesonic and 7-10 

proved t h e i r  approximation i s  most accu ra t e .  

Consider, for example, t he  extremely a c c u r a t e  c a l c u l a t i o n s  of Kolos 

and Wolniewicz’l on t h e  ground s t a t e  of H2 . The a d i a b a t i c  c o r r e c t i o n s  

t o  the  t o t a l  e l e c t r o n i c  energy are  114.6 cm -1 a t  t h e  equ i l ib r ium 
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i n t e r n u c l e a r  d i s tance ,  b u t  the  c o r r e c t i o n s  t o  the  d i s s o c i a t i o n  energy 

a r e  much smal le r ,  due t o  the  f a c t  t h a t  t h e  c o r r e c t i o n s  for  t h e  

separa ted  atoms a r e  subt rac ted  o f f .  Kolos and Wolniewicz's most 

r e c e n t  va lues  and the  experimental  values  a r e  a s  fol lows 11. . 

Do (cm-I) 
-1  

D - Do (cm ) e 

Experimental  36113.6 2 0.3 2179.2 0.2 

Born-Oppenheimer 36112.2 2180.5 

Adiaba t ic  36118.0 2179.6 

Here D i s  the  d i s s o c i a t i o n  energy, De t h e  binding energy, and 

D - D t h e  zero  p o i n t  energy. The agreement here  i s  e x c e l l e n t ,  but  

t h e  f a c t  t h a t  t h e  a d i a b a t i c  d i s s o c i a t i o n  energy i s  l a r g e r  than  the  

experimental  value i s  producing cons iderable  d i s c u s s i o n  

Kolos and Wolniewicz16 have a l s o  made a completely nonadiabat ic  

c a l c u l a t i o n  on H2 which i s  discussed l a t e r .  Their  r e s u l t  was 

D 

accuracy as t h e  a d i a b a t i c  c a l c u l a t i o n s .  More a c c u r a t e  nonadiaba t ic  

c a l c u l a t i o n s  a r e  expected t o  give a Do w i t h i n  1 c m  of bu t  

larner than  t h e  a d i a b a t i c  r e s u l t  

0 

e 0 

6,11,15 

11 

= 36114.7 c m - l ,  b u t  t h e  c a l c u l a t i o n  was not c a r r i e d  t o  t h e  same 
0 

-1 

11,14 

One expec ts  t he  c o r r e c t i o n s  t o  be more important i n  e i t h e r  t h e  

long or s h o r t  range p a r t s  of the  p o t e n t i a l .  Adiabat ic  c o r r e c t i o n s  

ex tending  i n t o  t h e  s h o r t  range ( r e p u l s i v e )  p a r t  of t h e  p o t e n t i a l  

have been c a l c u l a t e d  for  a few s t a t e s  of t he  hydrogen molecule-ion 
8-10 , 
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t h e  hydrogen molecule 10y11'14 and t h e i r  analogs.  For t h e  p o t e n t i a l s  

t r e a t e d  which have an a t t r a c t i v e  w e l l ,  t he  s h o r t  range c o r r e c t i o n s  

are  r e p u l s i v e  but  appear t o  grow less important a s  t h e  i n t e r n u c l e a r  

d i s t a n c e  decreases .  .The  s h o r t  range c o r r e c t i o n s  t o  pure ly  r e p u l s i v e  

p o t e n t i a l s  grow l a rge  as does t h e  p o t e n t i a l ,  bu t  whether o r  no t  they 

become r e l a t i v e l y  more important as R decreases  i s  no t  c l e a r  from 

t h e  work t h a t  has  been done. Ca lcu la t ion  of accu ra t e  s h o r t  range 

p o t e n t i a l s  i s  d i f f i c u l t  and p resen t  c a l c u l a t e d  p o t e n t i a l s  s t i l l  l i e  

above t h e  exper imenta l ly  i n f e r r e d  p o t e n t i a l .  From t h e  work t h a t  has  

been done, i t  appears  t h a t  c a l c u l a t i o n  of t he  a d i a b a t i c  c o r r e c t i o n s  

would probably usua l ly  ra ise  the  s h o r t  range  p o t e n t i a l  and r e s u l t  i n  

poorer agreement wi th  experiment. However, Thorson l8 has c a l c u l a t e d  

nonadiaba t ic  co r rec t ions  t o  H+ - H and H e  - He s h o r t  range  

p o t e n t i a l s  and shown t h a t  they  lower t h e  s h o r t  range p o t e n t i a l  

considerably.  It i s  c l e a r  t h a t  more work needs t o  be done on s h o r t  

range  p o t e n t i a l s ,  bu t  i n  t h i s  s tudy  they  not  t reated e x p l i c i t l y .  

However, our methods can c e r t a i n l y  be used and i n  Appendices A and 

By w e  present  t h e  Hamiltonian f o r  i n t e r n a l  motion i n  coord ina te s  

convenient f o r  s h o r t  range work. 

Adiabat ic  c o r r e c t i o n s  t o  t h e  long-range (van der  Waals) 

19 in te rmolecular  p o t e n t i a l s  have been c a l c u l a t e d  by Wu and Bhat ia  

and by Dalgarno and McCarroll 10 Wu and B h a t i a ' s  r e s u l t s  are  i n  

e r r o r ,  and n e i t h e r  t rea tment  i s  e a s i l y  gene ra l i zed  e i t h e r  t o  h igher  

accuracy or t o  o the r  systems bes ides  H l  and H2 t o  which they  were 

app l i ed .  As a resu l t ,  t hese  c a l c u l a t i o n s  do n o t  show c l e a r l y  what 

. 
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t h e  s i z e ,  na tu re ,  and importance of t h e  c o r r e c t i o n s  t o  long range  

BO p o t e n t i a l s  are. 

t h e  c o r r e c t i o n s  t o  t h e  long range p o t e n t i a l s  between a r b i t r a r y  p a i r s  

Therefore ,  i n  t h i s  work w e  cons ider  i n  d e t a i l  

of atoms. We t rea t  a f e w  systems e x p l i c i t l y  and g ive  s e l e c t i o n  r u l e s  

and formulas which allow t h e  c o r r e c t i o n s  f o r  an  a r b i t r a r y  diatomic 

system t o  be r e a d i l y  evaluated.  

Another development which adds impetus t o  t h e  c a l c u l a t i o n  of 

c o r r e c t i o n s  t o  t h e  long range p o t e n t i a l  i s  t h e  r e c e n t  c a l c u l a t i o n  

of t h e  r e l a t i v i s t i c  and magnetic c o r r e c t i o n s  t o  t h e  long range  

potentia120',21. As a r e s u l t  of t h e s e  c a l c u l a t i o n s ,  some i n t e r e s t i n g  

new terms i n  t h e  p o t e n t i a l  have been discovered.  These r e l a t i v i s t i c  

terms a r e  of OCO(') % OI5x/oa5) , where d = 1/137 i s  t h e  

f i n e  s t r u c t u r e  cons t an t .  As w e  show i n  t h i s  work, t h e  a d i a b a t i c  

c o r r e c t i o n s  due t o  nuc lear  motion are of o(p. ), where f o r  a 

diatomic system, p i s  the reduced mass of t h e  n u c l e i  i n  atomic 

u n i t s .  For p o s s i b l e  diatomic systems, (10 

-1 

-5 - 3  ,< p-' 4 10 ); hence, 

t he  r e l a t i v i s t i c  and a d i a b a t i c  c o r r e c t i o n s  a r e  of very much the  

same order  o f  magnitude, and i t  ha rd ly  seems c o n s i s t e n t  t o  c a l c u l a t e  

t h e  one wi thout  account ing for  t h e  o the r .  Thus, one of our reasons  

f o r  c a l c u l a t i n g  c o r r e c t i o n s  t o  t h e  long range  p o t e n t i a l  i s  t o  see 

what r e l a t i o n s h i p  they  have t o  t h e  r e l a t i v i s t i c  c o r r e c t i o n s  a l r e a d y  

c a l c u l a t e d .  



D. Nonadiabatic Correc t ions  

To go beyond the  a d i a b a t i c  approximation, one must a l low f o r  

t h e  e f f e c t s  of o the r  e l e c t r o n i c  s ta tes .  

22,23 suggested by Born 

set  of e l e c t r o n i c  wave func t ions ,  

One way t o  do s o  has  been 

. H e  expands t h e  exac t  s o l u t i o n  i n  t h e  complete 

The nuc lear  wave func t ions ,  1,r , are  i n  p r i n c i p l e  determined by 

s o l v i n g  the  i n f i n i t e  se t  of  coupled equat ions  t h a t  r e s u l t s  when 

Eq. (1-5) i s  s u b s t i t u t e d  i n t o  the  Schrgdinger equat ion  and t h e  

e l e c t r o n i c  coord ina tes  i n t e g r a t e d  over .Matrix e lements  coup l i n g  

d i f f e r e n t  e l e c t r o n i c  s t a t e s  produce r a d i a t i o n l e s s  t r a n s i t i o n s  

between d i f f e r e n t  a d i a b a t i c  p o t e n t i a l  curves .  These t r a n s i t i o n s  

are  r e spons ib l e  fo r  o r  important  i n  such observable  e f f e c t s  as 

r o t a t i o n a l  d i s t o r t i o n  of s p i n  m u l t i p l e t s  and A -type doubl ing 

the  Jahn-Tel ler  and Renner e f f e c t s  , molecular a u t o i o n i z a t i o n  , 

24 , 
25 26 

27 28 i n e l a s t i c  c o l l i s i o n s  , c e r t a i n  types  of p r e d i s s o c i a t i o n  , c e r t a i n  

28 pe r tu rba t ions  i n  molecular s p e c t r a  

p o t e n t i a l  energy curves.  

h i g h e s t  near t he  pseudo-crossing p o i n t s  of t he  a d i a b a t i c  p o t e n t i a l s ,  

has  been s tudied  by a number of au tho r s  

, and n a t u r a l  l i n e  widths28 of 

The t r a n s i t i o n  p r o b a b i l i t y ,  which i s  

29-31 

. 
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E. The Concept of a P o t e n t i a l  

When one a t tempts  t o  t r e a t  nonadiabat ic  c o r r e c t i o n s  t o  t h e  BO 

approximation, problems wi th  t h e  concept of an  in te rmolecular  p o t e n t i a l  

energy curve ar ise .  I n  t h e  BO and a d i a b a t i c  approximations the  n u c l e i  

move i n  a s ingle , .wel l -def ined  p o t e n t i a l .  

between d i f f e r e n t  e l e c t r o n i c  s t a t e s  i s  smal l  enough t o  be t r e a t e d  by 

p e r t u r b a t i o n  theory,  t h e  s i n g l e  p o t e n t i a l  i s  s t i l l  r e t a i n e d .  The 

e f f e c t s  of t h e  t r a n s i t i o n s  are contained i n  the  second order  energy, 

and t h e i r  i n f luence  on the  p o t e n t i a l  can be es t imated  

d i scuss  t h i s  i n  d e t a i l  i n  Sec t ion  I V .  

l ies i n  a r eg ion  where two or more p o t e n t i a l  energy curves whose 

s ta tes  are  connected by TR 

i n  degenerate  p e r t u r b a t i o n  theory.  

second order  energy become large,  s o  t h a t  t h e  l i n e  width of t h e  

p o t e n t i a l s  becomes l a r g e  and the  p o t e n t i a l s  fuzzy. The s o l u t i o n  must 

be taken a s  a l i n e a r  combination of t h e  s t a t e s  involved, and t h e  

concept  of a p o t e n t i a l  i n  which t h e  n u c l e i  move l o s e s  i t s  meaning. 

However, i t  may s t i l l  be  a use fu l  mathematical  a r t i f a c t  t o  t h i n k  

of t h e  set  of coupled equat ions  a s  a set of equat ions  involv ing  a 

fami ly  of p o t e n t i a l s  . 

And as long as t h e  coupl ing  

6,14,17 . We 

However, when t h e  t o t a l  energy 

a r e  c l o s e  toge ther ,  one has  a problem 

The t r a n s i t i o n  p r o b a b i l i t i e s  and 

32 

Another problem which a r i s e s  i s  t h a t  t h e  e l e c t r o n i c  equa t ion  

(1-1) i s  always solved i n  coord ina tes  f ixed  on t h e  n u c l e i ,  whi le  

t h e  nuc lear  coord ina te s  a r e  r e l a t i v e  t o  space- f ixed  axes.  

BO approximation t h e  e f f e c t  i s  neglec ted ,  bu t  i n  h igher  

approximations one must r o t a t e  axes and t ransform proper ly ,  as 

I n  t h e  
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. ?  

Kronig or  one i s  led  t o  wrong r e s u l t s .  The o the r  

a l t e r n a t i v e  would be  t o  so lve  t h e  e l e c t r o n i c  equat ion  i n  space-  

f ixed  coord ina tes .  

imprac t ica l ,  except  fo r  h igh  energy s c a t t e r i n g  i n  which t h e  Born 

approximation i s  applicable’’, and i f  solved a c c u r a t e l y  would lead 

t o  a very  complicated angle-dependent p o t e n t i a l .  

However, t h i s  i s  s o  d i f f i c u l t  as t o  be u t t e r l y  

The r o t a t i o n  of the  system produces y e t  another  problem. The 

component, fi 
a diatomic system i s  only  a good quantum number i n  lower approximations.  

Higher approximations couple  states of d i f f e r e n t  fl. . One example 

of t h i s  i s  t h e  A - type doubling24 of molecular spec t r a .  

s ta tes  of +.R and -2 (which i n  lower o r d e r s  are degenera te )  

are coupled t o  form s t a t e s  In\ 
t o  r e f l e c t i o n  through a plane con ta in ing  t h e  n u c l e i  and which d i f f e r  

s l i g h t l y  i n  energy. The e f f e c t  i s  b a s i c a l l y  s imilar  t o  t h e  Jahn- 

Teller and Renner e f f e c t s 2 5  which occur i n  polyatomic s p e c t r a  but  

i s  much smaller .  Coupling between the  and 1 s t a t e s  also 

occurs,  and w e  d i s c u s s  i t  i n  d e t a i l  i n  S e c t i o n  111. 

emphasized r epea ted ly  t h a t  i n  s c a t t e r i n g  problems t h i s  \ coupl ing  

i s  important and cannot be neglec ted .  C u r t i s s  and co-workers 

have considered t h i s  coupl ing,  and Bates and Williams37 have 

c a r r i e d  out some d e t a i l e d  c a l c u l a t i o n s  on 

show s t rong  coupl ing.  The coupl ing  i n  c o l l i s i o n s  arises 

p h y s i c a l l y  from t h e  fac t  t h a t  t h e  d i r e c t i o n s  of t h e  body-fixed axes 

change (of ten  r a p i d l y )  du r ing  t h e  course  of a c o l l i s i o n ,  as po in ted  

, of angular  momentum a long  the  molecular a x i s  of 

I n  i t  t h e  

2 which are  symmetric or  ant isymmetr ic  

Bates35 has 

32,36 

H+ - H c o l l i s i o n s  which 
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38 out  by Hornig and Hi r s sh fe lde r  . The change i n  the  proper axes  of 

q u a n t i z a t i o n  dur ing  t h e  course  of a c o l l i s i o n  has  a l s o  been d iscussed  

i n  d e t a i l  by Thorson . These d i f f i c u l t i e s  w i th  t h e  body-fixed axes 

and t h e  r e s u l t i n g  A 
proper z e r o t h  order  s o l u t i o n s  (which t ransform as t h e  i r r e d u c i b l e  

r e p r e s e n t a t i o n s  of t h e  group of t h e  complete Hamiltonian) cannot be 

w r i t t e n  i n  gene ra l  as the  product of a s i n g l e  nuc lear  and a s i n g l e  

e l e c t r o n i c  wave func t ion .  Rather, as i s  well-known i n  degenera te  

p e r t u r b a t i o n  theory,  they  must be l i n e a r  combinations of t h e  s ta tes  

involved.  We handle  t h i s  problem by e x a c t l y  removing r o t a t i o n a l  

motion i n  Sec t ion  11. 

17 

coupl ing lead  us  t o  the  conclusion t h a t  t h e  

F. Ou t l ine  of t h i s  Study 

20 Throughout t h i s  s tudy  w e  u s e  t h e  B r e i t - P a u l i  Hamiltonian 

f o r  an  a r b i t r a r y  diatomic system. This  Hamiltonian g ives  t h e  

r e l a t i v i s t i c  and magnetic c o r r e c t i o n s  t o  t h e  Schrodinger equat ion  

a c c u r a t e  through 

I 1  

o l d ‘ )  2 8c5 % 10”) . However, i t  omits 

h igher  order  terms i n  t h e  f i n e  s t r u c t u r e  cons t an t  such as 

t h e  Lamb sh i f t3’  of 8(d3& dl  Z 8 ( z % / O - 6 )  . One i s  

t h u s  only  j u s t i f i e d  i n  c a l c u l a t i n g  c o r r e c t i o n s  t o  &dz) , and t h i s  

i s  done by f i r s t  order  pe r tu rba t ion  theory.  Hence, we c o n s i s t e n t l y  

omit terms of h igher  order ,  as f o r  example, t h e  terms e x p l i c i t l y  

c o n t a i n i n g  nuc lear  sp in ,  which a r e  of O(&%b) 6 0 c5x/0‘0) 
where p 
c a l c u l a t e  some terms of 0k-2) ,L o[/oH6) 

i s  t h e  reduced mass of t h e  nyc le i .  We show how t o  

, bu t  one i s  no t  i n  



. 
* 12 

gene ra l  j u s t i f i e d  i n  inc lud ing  them due t o  t h e  accuracy of the 

Hamf l t o n l a n  

I n  add i t ion ,  when t h e  Bre i t -Pau l i  Hamiltonian i s  used t o  

c a l c c l a t e  long-range in te ra tomic  p o t e n t i a l s ,  It can only be used 

fo r  i n t e r n u c l e a r  s e p a r a t i o n s  R 4 , where i s  t h e  reduced 

wavelength c h a r a c t e r i s t i c  of allowed t r a n s i t i o n s  I n  one of t he  

atoms. For a t y p i c a l  case (H atoms) *- 350 a.u.  For R 3% 

t h e r e  a r e  s t rong  r e t s r d a t i o n  e f f e c t s ,  and quantum electrodynamics 

mus t  be used t o  c a l c u l a t e  t h e  i n t e r a c t i o n  . 2 1  

I n  Sec t ion  I1 t he  cencer cf mass motion i s  f i r s t  separa ted  

o f f  and t h e  Bre t t -Pau l i  Hamiltonian i s  c a s t  i n t o  r e l a t i v e  coord ina te s  

convenFent f o r  c a l c u l a t i o n s  a t  l a rge  i n t e r n u c l e a r  d i s t a n c e s .  The 

importance of removing the  c e n t e r  of mass motion and of t h e  choice  

of r e l a t i v e  2oord ina tes  has been d iscussed  by Jepsen and Hi r sch fe lde r  

and by Froman We next  remove(exact1y two coord ina te s  d e s c r i b i n g  

t h e  o v e r a l l  r o t a t i o n  or' t h e  syscem. 

series of papers 42-46 which we c a l l  t h e  HWC series, begun by 

Hi r sch fe lde r  and Wigner and cont inued by C u r t i s s  and co-workers, 

34,40 

41 
) 

1 1  13 

The method used i s  based on a 

i n  which t h e  r o t a t i o n  i s  removed us ing  group t h e o r e t i c a l  methods. 

47 -48 Group theory  has a.lso been used by a number of o the r  a u t h o r s  

t o  remove r o t a t i o n a l  coord ina te s .  The methods used by most a re  

p a r t i c u l a r l y  s u i t e d  t o  t h e  t rea tment  of polyatomic systems, and owing 

t o  the  d i f f i c u l t y  of choosing relatiTIe c o o r d i n a t e s  of any g e n e r a l  

u se fu lness  i n  pcjlyatornic systems, this s tudy  i s  kep t  l i m i t e d  t o  

42- 46 
diatomics .  While our method i s  based on t h e  HWC series 9 w e  
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are ab le ,  u s ing  t h e  ope ra to r s  themselves, t o  d e r i v e  the  equat ions  

f o r  i n t e r n a l  motion much more simply. 

Af te r  removing r o t a t i o n ,  one i s  l e f t  w i t h  a set of 25 + 1 

coupled equat ions  involv ing  t h e  d i f f e r e n t  components , of t h e  

t o t a l  angular  momentum J a long  t h e  molecular a x i s .  The equat ions  

are  expressed i n  a p a r t i c u l a r l y  simple way and the  coupl ing arises 

from p h y s i c a l l y  meaningful opera tors .  

a r e  w r i t t e n  e n t i r e l y  i n  body-fixed coord ina te s  and form a good 

These equat ions  are exac t ,  

s t a r t i n g  p o i n t  f o r  almost any c a l c u l a t i o n  on a diatomic system. 

Symmetry cond i t ions  on t h e  s o l u t i o n s  are  der ived  and are e a s i l y  

s a t  i s  f i ed .  

The fi coupl ing  i s  discussed.  It i s  found t h a t  energy 

r e s t r i c t i o n s  u s u a l l y  l i m i t  t h e  number of equat ions  f o r  which t h e  

coupl ing  i s  no t  n e g l i g i b l e  t o  j u s t  a few, r e g a r d l e s s  of t he  va lue  

of J . And i n  t h e  case  J = 0 the re  is ,  of course,  on ly  one 

equat ion .  The J = 0 i n t e r n a l  equat ion of motion has  been so lved  

by d i r e c t  v a r i a t i o n a l  methods, without  any s e p a r a t i o n  of nuc lear  

and e l e c t r o n i c  motion, fo r  H: , H and t h e i r  analogs 16j4’. The 

r e s u l t s  have been e x c e l l e n t ,  and t h e  method looks very  promising, 

b u t  i t  i s  p r e s e n t l y  l imi t ed  t o  very small systems. 

prev ious  nonadiaba t ic  t rea tments  of diatomic molecules only  inc lude  

d e t a i l e d  work f o r  the J = 0 case,  some inc lude  coupled equa t ions  f o r  

2 

While t h e s e  

J # 0 equ iva len t  t o  those  obtained he re in .  

e q u a t i o n s  a re  expressed i n  a much more complicated form than  those  

he re .  

However, t h e  coupled 
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Afte r  d i scuss ing  the  coupling, we then t r e a t  t he  i n t e r n a l  

equat ions  of motion by pe r tu rba t ion  theory.  

approximation g ives  a proper zeroth-order  s o l u t i o n  t o  these  i n t e r n a l  

equat ions  unless  t h e  t o t a l  energy l ies  i n  t h e  neighborhood of a 

psuedo-crossing po in t  of t he  a d i a b a t i c  p o t e n t i a l s .  

a p a r t i c u l a r l y  n a t u r a l  a d i a b a t i c  approximation i s  used which g ives  

t h e  energy f u l l y  accu ra t e  through o(p-') . 
which was developed by Herman and Asgharian6 fo r  

i s  extended t o  o the r  diatomic states,  enabl ing  one t o  c a l c u l a t e  

approximate nonadiabat ic  c o r r e c t i o n s  t o  the  p o t e n t i a l  i t s e l f .  

The a d i a b a t i c  

In t h i s  work 

I n  a d d i t i o n  a method, 

s t a t e  diatomics ,  

The formalism developed i s  then  app l i ed  t o  t h e  c a l c u l a t i o n  of 

long range in te ra tomic  p o t e n t i a l s ,  The e l e c t r o n i c  equat ion  i s  solved 

f o r  l a r g e  R by an  R p e r t u r b a t i o n  series expansion and s e l e c t i o n  

r u l e s  on t h e  c o r r e c t i o n s  a r e  obtained fo r  an  a r b i t r a r y  p a i r  of atoms. 

The R-' dependence of t he  e f f e c t i v e  p o t e n t i a l  i s  shown c l e a r l y .  

The meaning of t h i s  long range e f f e c t i v e  p o t e n t i a l  i s  d iscussed ,  and 

p a r t i c u l a r  emphasis i s  put  on t h e  f a c t  t h a t  t h e  c o r r e c t i o n s  a l l  a r i se  

from t h e  r a d i a l  and c e n t r i f u g a l  motion of t h e  n u c l e i  and must n o t  be 

i n t e r p r e t e d  a s  p a r t  of t h e  s t a t i c  i n t e ra tomic  potential ' ' .  

of t h e  a d i a b a t i c  c o r r e c t i o n s  obtained are small. S p e c i a l  systems 

i n  which they  could be important  are  suggested.  

c o r r e c t i o n s  are those  t o  the  c e n t r i f u g a l  p o t e n t i a l ,  some of which 

were found by Dalgarno and McCarrolll'. 

method and the  r e s u l t s ,  t h e  c o r r e c t i o n s  t o  t h e  long range  p o t e n t i a l s  

of two 

-1 

Most 

The most important  

F i n a l l y ,  t o  i l l u s t r a t e  t h e  

Is-hydrogen atoms are  presented  and d iscussed .  
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11. TRANSFORMATION OF THE BREIT-PAULI HAMILTONIAN 

I n  t h i s  s e c t i o n  t h e  c e n t e r  of  mass and r o t a t i o n a l  motion i s  

removed and the  i n t e r n a l  equat icns  of motio3 r e l a t i v e  t o  body- 

f ixed  axes are der ived.  

A.  Removal of Center of Mass Motion. R e l a t i v e  Coordinates;  

Let us  cons ider  a s y s t e m  c o n s i s t i n g  cf  N e l e c t r o n s  and two 

n u c l e i  (a and b )  i n  t h e  absence of any e x t e r n a l  f i e l d .  Then t h e  

c e n t e r  of mass motion i s  separable .  I n  t h i s  subsec t ion  w e  p re sen t  

t h e  Hamiltonian f o r  r e l a t i v e  motion of t h e  p a r t i c l e s .  

system of r e l a t i v e  coord ina tes  chosen i s  the  "separated atom"system 

i n  which Na e l e c t r o n s  are a r b i t r a r i l y  centered  on nucleus a and 

N-NA on nucleus b . 
f o r  our t rea tment  of long range p o t e n t i a l s  la ter  i n  t h i s  paper.  It 

h a s  t h e  disadvantage t h a t  i t  conta ins  awkward n u c l e a r - e l e c t r o n i c  

c r o s s  d e r i v a t i v e s .  For t h i s  reason t h e  r e l a t i v e  Hamiltonian i s  

presented  i n  Appendix A 

40 t h e  c r o s s - d e r i v a t i v e s  . One of  those  two systems i s  s u i t e d  t o  

s h o r t  range p o t e n t i a l s ;  t h e  other  may be p h y s i c a l l y  s i g n i f i c a n t  

a t  long range.  

The "separated atom" system of c e n t e r  o f  mass and r e l a t i v e  

The p a r t i c u l a r  

This  system i s  chosen because i t  i s  convenient  

i n  t w o  o the r  coord ina te  systems which avoid 

50 c o o r d i n a t e s  i s  def ined  by (see F igure  1): 
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Here t h e  J , where q = a , b , l  ... N, a r e  t he  labora tory- f ixed  

coorl i n a t e  vec tors  of the p a r t i c l e s .  Throughout t h i s  work we u s  

Hartree atomic u n i t s  (mass i n  u n i t s  of t he  e l e c t r o n  mass, charge 

4 

u n i t s  of t he  pro ton  charge,  e ,  l ength  i n  Bohr r a d i i ,  a J energy 

Y 

i n  

i n  

u n i t s  of el/a, ~ and br = 1). ‘Then, t h e  t c t a l  iiiass of t h e  s y s t e m  

i s  

Thus, & i s  t he  center  of mass of the  system a n d  & i s  t h e  

i n t e r n u c l e a r  vec to r .  The set  ( 2 - 1 )  i s  independent and spans the  

conf igu ra t ion  space of t he  system. 

The t ransformat ion  of t he  Bre i t -Pau l i  Hamiltonian i n t o  t h e s e  

coord ina tes  and the  s e p a r a t i o n  of t he  cen te r  of mass motion i s  

c a r r i e d  out  i n  Appendix A. The r e s u l t i n g  r e l a t i v e  HamiltonianS1 $ s :  

(2-3) 



. 
17 

Her e 

where /u = 

= 

i- m,) 
i s  the reduced mass of t h e  n u c l e i ;  

y' , where q i s  any  member of t h e  set (2-1) ;  and 

a 
p = > P o  1 and 

L' I W R  

P = t 
-b  j= %+I 

( 2 - 5 )  

The e l e c t r o n i c  Hamiltonian, 

depending on t h e  motion of t he  nuc le i .  It is 

He , con ta ins  a l l  terms no t  e x p l i c i t l y  

Here Te i s  t h e  e l e c t r o n i c  k i n e t i c  energy, 

V i s  j u s t  t h e  t o t a l  Coulombic p o t e n t i a l  energy, n a t u r a l l y  expressed 

i n  t h e  r e l a t i v e  coord ina tes .  d i s  t h e  f i n e  s t r u c t u r e  cons t an t  

( d = = 1/137),, and H 4  con ta ins  the  r e l a t i v i s t i c  and 

magnet ic  c o r r e c t i o n s .  The t ransformat ion  of H d  t o  t h e s e  

c o o r d i n a t e s  i s  d iscussed  i n  Appendix A .  Since  we do not  use H d  
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e x p l i c i t l y  i n  t h i s  work, w e  do not  write i t  out bu t  c a r r y  i t  a long  

for  gene ra l i t y .  The p r o p e r t i e s  which w e  use i n  our t ransformation 

can e a s i l y  be checked by the  i n t e r e s t e d  reader  by simply r e f e r r i n g  

t o  t h e  e x p l i c i t  forms given by Meath and Hirschfe lder  20 , fo r  example. 

Hd i s  grouped wi th  He a t  t h i s  po in t  simply for  convenience. - 
The 9,' and *b P" terms a r e  t h e  mass po la r i za t ion5*  ope ra to r s  

of  t he  separated atoms. 

i n su res  d i s s o c i a t i o n  t o  the  r i g h t  l i m i t  as pointed out  by Froman 

Inc luding  them i n  the  e l e c t r o n i c  Hamiltonian 

I I  13 . 

B. Symmetry. Removal of Ro ta t ion  

I n  t h i s  subsec t ion  a s i m p l e  p l a u s i b i l i t y  argument i s  used t o  

sepa ra t e  o f f  t he  r o t a t i o n a l  motion of t he  system, and the  Schrodinger 

equat ion  and cons t an t s  of t he  motion a r e  expressed i n  separa ted  

atom coord ina tes  r e l a t i v e  t o  body-fixed axes.  

t ransformat ion  i s  c a r r i e d  out  i n  more d e t a i l  us ing  the  r e p r e s e n t a t i o n s  

of t he  r o t a t i o n  group and t h e  methods of t h e  HWC ~ e r i e s ~ * - ~ ~ .  The 

r e s u l t s  using the  simpler cen te r  of mass of t h e  n u c l e i  coord ina te s  

a r e  also presented i n  Appendix B. 

t t  

I n  Appendix B t h e  

1. Notat ion 

Before making the  t ransformat ion  w e  d i s c u s s  the  n o t a t i o n  used. 

The space-f ixed axes and coord ina te s  are denoted by primes i n  t h i s  

s ec t ion ,  and the  body-fixed q u a n t i t i e s  g r e  l e f t  p l a i n .  When 

ope ra to r s  a r e  w r i t t e n  i n  terms t h a t  apply  only  t o  the  space-f ixed 

coord ina tes ,  they will a l s o  be denoted by primes . Thus, we l e t  



symbolize any or a l l  of t h e  parated tom 1 t r o n i c  coord ina tes  

r e l a t i v e  t o  the  space-f ixed (primed) axes and l e t  X'  s i m i l a r l y  

symbolize the  coord ina tes  of - R . We then  w r i t e  t he  wave func t ion  

i n  the  space-fixed system a s  

suppress ing  the  s p i n  v a r i a b l e s  and quantum numbers un le s s  they a r e  

e x p l i c i t l y  needed. and %' w i l l  

be considered e x p l i c i t l y .  From t h a t  ac t ion ,  t h e i r  e f f e c t s  on the  

components of t he  l i n e a r  momenta; 

/ 
The a c t i o n  of t he  ope ra to r s  on % 

and angular  momenta, 

(2-10) 

a r e  e a s i l y  obtained.  

Eq. (2-10). 

Spin angular momenta must  a l s o  t ransform as 

The r o t a t i o n  opera tor  i s  denoted by 2 , and R , with  

elements  

t h e  a c t i o n  of $? on t h e  coord ina tes .  (But .) R i s  the  i n t e r n u c l e a r  

Q i j  , i s  t h e  matr ix  of Euler angles  which r e p r e s e n t s  
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vec to r  and f?= I E I i t s  magnitude.) 

The Bre i t -Paul i  Hamiltonian, H, does not  conta in  the  nuc lear  

, i s  s p i n s ;  hence, t he  t o t a l  angular momentum of the  system, 2 

J-= L +  $*  (2-11) 

Here i s  t h e  o r b i t a l  angular momentum of the  nuc le i ,  k = ,R x#p 

and # i s  t h e  t o t a l  e l e c t r o n i c  angular momentum. % i s  given by 

(2- 12 )  

where w and 2 a r e  t h e  e l e c t r o n i c  o r b i t a l  and s p i n  angular  

momenta, r e spec t ive ly .  

denoted by E and i s  

The t o t a l  o r b i t a l  angular  momentum i s  
\ 

(2-13) 

2. Constants of t he  Motion 

I n  the  absence of e x t e r n a l  f i e l d s  t h e  Hamiltonian i s  i n v a r i a n t  

under a l l  r o t a t i o n s ,  and t h e  system possesses  t h e  fol lowing set O f  

commuting observables (cons tan ts  of t h e  motion) , 53 
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t h e  Hamiltonian, 

t he  square of t h e  t o t a l  angular  momentum, 

the  2' component of angular  momentum, 

(2-14) 
i nve r s ion  of t he  coord ina te  axes,  

exchange of any e l e c t r o n s  i and j , and 

exchange of t he  n u c l e i  a and b . 

The bar  ( - ) above Tu implies  t h a t  it i s  only included i n  t h e  

s e t  i f  t h e  n u c l e i  a r e  i d e n t i c a l ,  ma = % and za = Zb . 
Each of t he  ope ra to r s  i n  (2-14) i s  quant ized.  Thei r  e igenvalue 

equat ions  a r e  

(2-15) 

(2-16) 

(2 -17)  

(2-18) 

(2-20) 



2 2  

Eq. ( 2 - 1 9 )  j u s t  expresses  the  P a u l i  p r i n c i p l e ,  bu t  t h e  p a r i t y  under 

exchange of i d e n t i c a l  nuc le i ,  7.. , may be even or  odd depending 

on t h e  nuclear  s p i n  func t ions  used54 and t h e  number of nucleons per  

nucleus.  These equat ions  make i t  clear t h a t  t he  quantum numbers on 

which y? depends are 

The bar  again impl ies  t h a t  pb 

i d e n t i c a  1. 

appears  only i f  the  n u c l e i  are 

Two o the r  ope ra to r s  t h a t  are of i n t e r e s t ,  bes ides  t h e  set 

(2-14) ,  a r e  the  o ther  components & and 5. of A. They do 

no t  commute wi th  Tsf and, as a r e s u l t ,  are no t  quant ized.  However, 

space i s  i s o t r o p i c ,  and they  commute w i t h  a l l  t h e  o the r  ope ra to r s  

of ( 2 - 1 4 ) .  Hence, t h e  r a i s i n g  and lowering ope ra to r s  

55 have t h e i r  f a m i l i a r  proper ty  , 

where t h e  cons t an t s  a re  given by 

( 2 - 2 2 )  

( 2 - 2 3 )  
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The t ransformat ion  t o  body-fixed axes must begin from the  

cco rd ina te  r e p r e s e n t a t i o n s  cf t h e  ope ra to r s  i n  t h e  space-f ixed 

system. L e t  u s  now s t a t e  t h e  ac t ions  of each of t h e  opera tors  on 

t h e  space-f ixed coord ina tes .  Only t h e  a c t i o n  on the  conf igu ra t ion  

space i s  given e x p l i c i t l y ,  bu t  d depends on e l e c t r o n  sp in  through 

, and un les s  3.  i s  neg l ig ib l e ,  t h e  operatrsrs i n  (2-14) w i l l  

only be cons t an t s  of t h e  motion i f  they  a c t  on t h e  s p i n  space as 

w e l l  a s  t h e  conf igu ra t ion  space and t r ea t  s p i n s  as angular  momenta. 

The r e p r e s e n t a t i o n  of r e l a t i v e  t o  space-f ixed axes i s  

-2  given by Eq.  (2-3). Coordinate r ep resen ta t ions  of and rzd 
are  e a s i l y  obtained from Appendix A .  However, a l l  t h e  information 

needed about 

and i t  i s  convenient t o  r ega rd  the components of t h e  t o t a l  angular  

momentum s o l e l y  as  formal opera tors .  The a c t i o n s  of t h e  o the r  

t h r e e  cons t an t s  of t he  motion on t h e  space-f ixed separa ted  atom 

coord ina te s  are de r ived  i n  Appendix A and a r e  

r2 and 
r z d  

i s  contained i n  Eq. (2-16, 1 7  and 23), 
c 

(2-25) 

(2-26) 

(2-27) 



where 1 f L. LNp avd &+I 4j4 N . However, i n s t ead  

of u s ing  gb 
convenient t o  use  t h e  opera tor  Jc 4 2~ 3 which does no t  

a f f e c t  . One sees t h a t  

as a member of t h e  set  of observables ,  i t  is 

f 

and 

( 2 - 2 8 )  

( 2 - 2 9 )  

where ;R= p+- jA~,  ,& c l e a r l y  only a p p l i e s  i f  t h e  n u c l e i  

a r e  i d e n t i c a l ,  and i t  commutes wi th  a l l  t h e  members of set  ( 2 - 1 4 ) .  

Since -&= Ue 1 t h e  nuc lear  p a r i t y  remains w e l l  def ined.  

We choose ,&, t o  be a member of t h e  se t  (2-14) i n  p l a c e  of Sb. 
It i n v e r t s  t h e  e l e c t r o n i c  coord ina tes  through t h e  geometr ica l  cen te r  

of t h e  nuc le i  and gives  r i s e  t o  the  f a m i l i a r  gerade (g) and ungerade 

(u) s t a t e s  of homonuclear diatomic molecules.  

3. Rotat ions.  The Body-fixed Axes. 

The t ransformation t o  body-fixed coord ina te s  i s  made by 

applying a r o t a t i o n  t o  Eq. ( 2 - 1 5  t o  20) and Eq. ( 2 - 2 5  t o  2 9 ) .  I n  

t h e  conventions used he re  t h e  r o t a t i o n  ope ra to r  

r o t a t i o n  can be w r i t t e n  i n  the  form 

of an  a r b i t r a r y  

56 

2 4  

. 
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(2-30) 

where d , f , and a r e  the Euler angles  of t he  r o t a t i o n ,  and 

a l l  r o t a t i o n s  a r e  performed about space-fixed axes.  -bz c l e a r l y  

commutes with a l l  t he  opera tors  of s e t  (2-14) except rz/. 

The p a r t i c u l a r  % d e s i r e d  here i s  the  one which r o t a t e s  t he  

space-f ixed axes i n t o  the  L.ady-fixed axes.  It 1 s  defined t u  L r i i i g  

t h e  new z a x i s  t o  l i e  a long E , t he  in t e rnuc lea r  vec tor ,  bu t  

leave t h e  new y a x i s  i n  the  old xy plane. Then, t he  new 

(body-fixed) axes, 6‘ i n  

spher ica  1 polar  coord ina tes ,  

, are just t h e  u n i t  vec to r s  of 

(2-31) 

Here R, 0 >- and 9 a r e  the  s p h e r i c a l  polar  coord ina tes  of & 
r e l a t i v e  t o  the  space-f ixed axes. This  p a r t i c u l a r  choice of body- 

f ixed  axes makes the  Euler angles  o( , , and ‘d of the  r o t a t i o n  

become y , 8 and 0 , r e spec t ive ly .  And the  p a r t i c u l a r  r o t a t i o n  

wanted i s  just 

(2-32) 

The mat r ix  r ep resen ta t ion ,  (Q , of t h i s  p a r t i c u l a r  r o t a t i o n  57 i s  

16 given e x p l i c i t l y  i n  Appendix B. It was used by Kolos and Wolniewicz 
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17 
and by Thorson . The body-fixed coordinates are 

and 

(2-  33) 

4. Rotation of the Wavefunction 

In applying the rotation operator to Eq. (2-15 to 20) we adopt 

the functional convention (see Appendix B) whenever a rotation is 

applied to . That is, 

Using Eq. (2-33), this will be written as 

(2-34) 

(2-35) 

to emphasize the fact that the rotated wavefunction does not depend 

on 0 and : it is a function of t w o  less coordinates than 9 (%,%') * 

The effect of a rotation on can also be expressed in 
r terms of  the representations, Dan , of the rotation group as follows. 



-. 7 7  

Combining Eq. (2-34 and 36), one ob ta ins  

(2-36) 

(2-37) 

I n  Appendix B the  ope ra to r s  a r e  transformed by applying them d i r e c t l y  

on t h i s  equat ion,  b u t  he re  the , t r ans fo rma t ions  a r e  made us ing  

i t s e l f .  

5. Ro ta t ion  of Constants  of t h e  Motion o ther  than  H. 

I f  A '  i s  t h e  r e p r e s e n t a t i o n  i n  space-f ixed coord ina te s  of any 

of t h e  set  (2-14), and i f  a is i t s  eigenvalue,  then  a p p l i c a t i o n  of 

2 - l  t o  i t s  eigenvalue equat ion  makes i t  c l e a r  t h a t  

(2-38) 

r e p r e s e n t s  A '  i n  t h e  body-fixed coord ina te s  and has  the  eigenvalue 

a . I n  add i t ion ,  t h e  f a c t  t h a t  t he  members of (2-14) commute i s  

an  opera tor  r e l a t i o n s h i p  and must hold i n  any coord ina te  system. 

We now proceed t o  t ransform t h e  ope ra to r s  of (2-14) and o b t a i n  

r e p r e s e n t a t i o n s  i n  the  body-fixed axes  by apply ing  a-1 t o  t h e  
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equat ions  which they s a t i s f y .  
58 

The angular momentum ope ra to r s  a r e  t r e a t e d  a s  formal ope ra to r s  

From Eq. (2-16, 17, 23 and 3 8 )  i t  i s  c l e a r  t h a t  t he  r e s u l t  is simply 

(2-40) 

and 

where every th ing  i s  r e l a t i v e  t o  body-fixed axes,  and the  index 2 
is  ( r a t h e r  than M 

i n t e r n u c l e a r  a x i s ,  i n  accord wi th  s tandard  no ta t ion .  

) used f o r  t he  component of J a long  the  

From the  form ( 2 - 3 2 )  of t h e  r o t a t i o n  opera tor ,  i t  i s  c l e a r  

t h a t  t he  r e p r e s e n t a t i o n  of a n  opera tor  i n  body-fixed coord ina te s  

w i l l  d i f f e r  from i t s  r e p r e s e n t a t i o n  i n  space-f ixed coord ina te s  only 

i f  t he  operator  a f f e c t s  8 and 8 ( o r  #' ). The ope ra to r s  & 
and ?? do not  a f f e c t  8 and 9 . Hence, they  a c t  on t h e  body- 

f ixed  coord ina tes  i n  t h e  ~ a m e  way they a c t e d  on t he  space- f ixed  

coord ina tes ,  and t h e i r  r e p r e s e n t a t i o n s  are obta ined  by j u s t  

dropping the  primes i n  Eq. ( 2 - 2 6  and 2 9 ) .  

To t ransform Eq. ( 2 - 2 5 ) ,  one could j u s t  l e t  

and o b t a i n  
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But from Eq. ( 2 - 3 3 )  t h i s  i s  

( 2 - 4 2 )  

( 2 - 4 3 )  

and fii = l g l  should be pos i t i ve .  I n  add i t ion ,  Eq.  ( 2 - 4 3 )  l eaves  

t h e  body-fixed Z axis (which po in t s  i n  t h e  d i r e c t i o n )  ill- 

defined.  To avoid t h e s e  d i f f i c u l t i e s  one must f i n d  another  way t o  

r e p r e s e n t  t h e  cond i t ions  on p($, R) which a r e  s u f f i c i e n t  t o  

g ive  g($, x') d e f i n i t e  p a r i t y  under J' . To do so,  w e  

app ly  d i r e c t l y  on Eq. ( 2 - 3 7 )  and use  t h e  p r o p e r t i e s  of t h e  
/ 

Q)"l7R, . The d e t a i l s  a re  given i n  Appendix B, where i t  i s  shown 

t h a t  i f  

( 2 - 4 4 )  
I 

under dl . Here 52 is ip t hen  q($;$) has  p a r i t y  

r e f l e c t i o n  i n  t h e  body-fixed v t  
t o  the' f a m i l i a r  + and - s t a t e s  o f  diatomic molecules.  We use  eyz 

i n  p l a c e  of J . 

plane.  For a= 0 , i t  g ives  r i se  
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6. The Rota t ion  of H. 

Having obtained r e p r e s e n t a t i o n s  of t he  other  cons t an t s  of 

mation i n  t h e  body-fixed coord ina tes ,  we now t ransform . From 

E q .  (2-31, d i s  1 
$, 

( 2  -45 )  

with  t h e  momenta i n  space-f ixed coord ina tes  given by t h e  usua l  

g rad ien t  formulas. )/ i s  i n v a r i a n t  t o  r o t a t i o n s .  Since Ne does 

not  a f f e c t  8 and 9 , i t s  coord ina te  r e p r e s e n t a t i o n  i n  body- 

f ixed  coord ina tes  i s  simply given by E q .  

formulas. However, t h e  components of $j!s do a f f e c t  8 and (? , 
and w e  now seek a r e p r e s e n t a t i o n  of t he  f i r s t  two terms of ( 2 - 4 5 )  

i n  t h e  body-fixed coord ina tes .  The s c a l a r  products  are  i n v a r i a n t  

t o  r o t a t i o n ,  

(2-6)  u s ing  t h e  usua l  

( 2 - 4 6 )  

f o r  any 8 and R . 
To f ind the  components of @ i n  t h e  body-fixed coord ina te s ,  

l e t  u s  look a t  t h e  nuc lea r  o r b i t a l  angular  momentum, S ince  

f? l i e s  a long  the  3 a x i s ,  
*rr 

(2 -47)  
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and one r e a d i l y  f i n d s  t h a t  

i n  these  coord ina tes .  The are e x p l i c i t l y  r ep resen ted  below. 

S i n c e  the  body-fixed axes a r e  the  s p h e r i c a l  po la r  axes  of 8 , t h e  

59 2 component of & , (pJz i s  j u s t  t he  f a m i l i a r  r a d i a l  momentum , 

-& 

(2-49) 

Use of t h e s e  r e s u l t s  i n  Eq. (2-45) g ives  

The e l e c t r o n i c  momenta e do not  a f f e c t  8 and , so  t h a t  

they  aga in  have t h e  u s u a l  g rad ien t  r e p r e s e n t a t i o n .  

E q .  (2-50) g i v e s N  i n  terms of ope ra to r s  i n  t h e  body-fixed 

system. And coord ina te  r ep resen ta t ions  of a l l  of them are known 

except  t h e  components of . Since  g(%dR) does no t  depend on 

8 and , t h e  components of L cannot be expressed i n  terms 

of t h e  usua l  d e r i v a t i v e s  wi th  r e spec t  t o  4 and . Ins t ead ,  

one must eva lua te  t h e  a c t i o n  of t h e  components of 

as follows. E q .  (2-11) i s  

on G(u(,R) 



32 

VI- t = p  $.  (2-51) 

The components of t h e  e l e c t r o n i c  angular  momentum 

i n  these  caord ina tes  i n  the  usua l  way, and t h e  components of 

a r e  r ep resen tab  l e  

a r e  

58 taken t o  be formal ope ra to r s  

Thus Eq. (2-51) provides  a s u i t a b l e  r e p r e s e n t a t i o n  of - i n  t h e  

and eva lua ted  usiF.g Eq.  (2-39 t o  41). 

L 

body-fixed coord ina te s .  

, one no te s  +- To write Eq.  (2-50) ou t  i n  terms of and 

from Eq.  (2-48) t h a t  t he  only angular  momentum a long  t h e  i n t e r n u c l e a r  

a x i s  i s  e l e c t r o n i c  angular  momentum, 

(2-52) 

Using t h i s  and t h e  commutation r e l a t i o n s  of t he  angular  momenta, one 

ob ta ins  kz i n  t h e  form 

(2-53) 

Here g? = 1.5 i I,, 
opera to r s .  I n  add i t ion ,  i f  t h e  components of f a r e  w r i t t e n  i n  

terms of i r r e d u c i b l e  s p h e r i c a l  t e n s o r s  (see Appendix D) ,  then  

a r e  t h e  e l e c t r o n i c  r a i s i n g  and lowering 

(2-54) 

(2-55) 



The Hamiltonian ( 2 - 5 0 )  i s  thus e x p r e s s i b l e  e n t i r e l y  i n  terms 

of ope ra to r s  whose a c t i o n  on t h e  wave func t ion  i n  body-fixed 

coord ina tes  i s  known. It i s  

completing t h e  exact removal of the r o t a t i o n a l  coord ina te s  8 and 

from t h e  wave func t ion  and the  equat ions  f o r  a l l  t he  cons t an t s  

of t h e  motion. The problem now is t o  so lve  fo r  p($) R; T,&,-f), i,fe) 

us ing  

(2-57) 

4 

& 
i s  a cons t an t  of t h e  motion only i f  0 . However, Eq. ( 2 - 4 4 )  

must hold f o r  a l l  -(L . Once (E(6,R) has  been determined f o r  

Az-3 - . + I ,  9 ' 8  J , f o r  t h e  given energy Ei , 
1 

t h e  space-f ixed s o l u t i o n  g(X',g') i s  given by Eq. (2-37). 

i s  a cons t an t  of t h e  motion only  f o r  i d e n t i c a l  nuc le i ,  and $s 

I 



60 7 .  Hund's Cases. 

The set (2-14) of constants of the motion contains only the 

exact constants of motion of the Breit-Pauli Hamiltonian. However, 

in some systems, there are other quantities which, to a very good 

approximation, are constants of the motion and are conveniently 

included in the set. The coupling o f  the various angular momenta 

determines the approximate constants of the motion and can be 

discussed in terms of Hundls cases for diatomic molecules. The 

general case worked out above corresponds to Hund's case c) 

which the coupling between 3 and 5 and between +L 
and & is quite strong. However, in most bound-state diatomic 

molecules, the coupling between & and 5 is small enough that 

60 

in 

= +  v-- 

zd and sz can simultaneously be considered quantized, 

(2-58)  

the set (2-57)  becomes 

. Then, 

This corresponds to Hund's case ( a ) .  In addition, there is Hund's 

case b), which usually applies to the 1 states of light molecules. 

34 



I n  such a case,  A = 0 and 2 i s  n o t  coupled wi th  f- . (This  i s  

a l s o  equ iva len t  t o  having Nd i n  be very  small.) Then, t h e  

t o t a l  o r b i t a l  angular  momentum can be taken t o  be quant ized 

(2-60) 

I n  add i t ion ,  i n  Hund's ca se  b)  the s p i n s  are u s u a l l y  l e f t  r e l a t i v e  

t o  space-f ixed axes.  Then, & i s  n o t  def ined,  - T2 i s  no t  of 

i n t e r e s t ,  and t h e  set  of cons t an t s  of t h e  motion i s  

, (2-61) 

Here (Jl;,, and 4, 
space.  I n  Hund's case b )  plays the  r o l e  t h a t  did i n  t h e  

gene ra l  c a s e  worked out  above, and it becomes t h e  formal ope ra to r .  

are now assumed t o  a f f e c t  only t h e  conf igu ra t ion  

Kz= &e, plays  t h e  r o l e  of 4 . The only s i g n i f i c a n t  change 

made i n  any of t h e  equat ions  of t h i s  s e c t i o n  i s  t h a t  Eq. (2-13) ,  

(2-62) 

i s  used i n s t e a d  of Eq; (2-51) i n  Eq. (2-50). 
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111. THE COUPLeD EQUATIONS 

I n  the  previous s e c t i o n  the  cen te r  of mass and r o t a t i o n a l  

motions were removed, and the  Schrgdinger equat ion  fo r  i n t e r n a l  

motion i n  the  body-fixed coord ina tes  was obtained.  

r e a d i l y ,  however, t h a t  what was obtained is r e a l l y  a s e t  of coupled 

equat ions.  I n  t h i s  s e c t i o n  we d i scuss  the  coupling. Some s p e c i a l  

ca ses  of small  coupl ing a r e  pointed out,  and poss ib l e  methods of 

t r e a t i n g  the equat ions  are discussed.  

Examination shows 

A. T- 

1. The Nature of t h e  Couplinq 

That the exac t  removal of r o t a t i o n  leads t o  25 + 1 equat ions 

coupled i n  the  d i f f e r e n t  -(L 

t he  coupled equat ions  obtained have u s u a l l y  beqn w r i t t e n  i n  a very  

complicated fashion.  That t he  coupl ing i s  done simply by t he  

components of & and t h a t  the  coupled equat ions  could be w r i t t e n  

a s  simply as  Eq. ( 2 - 5 0 )  or  (2-56) does not  seem t o  have been r e a l i z e d .  

Eq. (2-50) a l s o  makes i t  c l e a r  t h a t  t he  coupl ing arises from and 

s i m p l y  expresses  the  f a c t  t h a t  t he  nuc lear  angular  momentum i s  

not  a cons tan t  of t he  motion. ( In  r e l a t i v e  coord ina te  systems which 

do not  have t h e  nuc lea r - e l ec t ron ic  c r o s s  d e r i v a t i v e s ,  the  equa t ions  

a r e  even simpler.  See Appendix B, Eq. (B-72).) 

components i s  w e l l  known 42-48. But  

The body-fixed Schrgdinger equat ions  should form a b a s i c  

s t a r t i n g  point  for  almost any high accuracy t rea tment  of diatomic 
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systems. 

equat ions .  Applying t h e  formal opera tors  i n  (2-56) t o  the  wave func t ion  

and leaving  only ope ra to r s  expres s ib l e  i n  the  i n t e r n a l  coord ina tes ,  

one ob ta ins  

We now w r i t e  out  t he  coupl ing e x p l i c i t l y  and d i scuss  t h e s e  

H e r  e 

and 

The c o n s t a n t s  ,&,(Ta) a r e  def ined by Eq. (2-24). 

Thus, we have an equat ion  (3-1) f o r  each of t he  2T'+ 1 

values ,  and each of t h e  equat ions i s  coupled t o  t h e  equat ions  f o r  

a+ 1 and a- 1. 

allowed 
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2. The Coupling i n  C o l l i s i o n s  

The importance of t h i s  fi coupl ing i s  not  known y e t  and 

However, some th ings  can be s a i d  t h e  ques t ion  needs f u r t h e r  s tudy.  

about it. For example, i t  appears  t h a t  the  coupl ing may be of 

cons iderable  importance i n  c o l l i s i o n s  

a s emic la s s i ca l  d i scuss ion  of a c o l l i s i o n .  

t = - 00 
numbers r e l a t i v e  t o  space-f ixed axes.  I f  w e  choose t h e  space-f ixed 

axes and body-fixed axes t o  co inc ide  a t  = - 00 , then Eq. (2-37) 

35 . The reason may be seen froin 

Before the  c o l l i s i o n  ( a t  time 

) t h e  system c o n s i s t s  of two atoms wi th  magnetic quantum 

becomes 

That is, a t  t = - 00 t h e r e  i s  only one component, namely H, 
and Pb(,A, J; Ai3 I ,  t-4) =o i n  Eq. ( 3 - 1 ) .  The s o l u t i o n  

( 3 - 4 )  i s  known and i s  j u s t  t h e  product  of two atomic wavefunctions 

and a plane wave nuc lear  wavefunction. 

through t h e  c o l l i s i o n  s u b j e c t  t o  the, time dependent ana log  of Eq. (3-11. 

The body-fixed axes change d i r e c t i o n  dur ing  t h e  c o l l i s i o n  and no 

longer coincide wi th  the  space-f ixed axes ;  hence, t h e  importance of  

t h e  va r ious  components must change du r ing  t h e  c o l l i s i o n .  If 

t h e  coupl ing i n  ( 3 - 1 )  i s  neglec ted  t h e  system appears  locked i n  

one s t a t e .  A t  t he  end of the  c o l l i s i o n ,  t h e  system m u s t  aga in  

c o n s i s t  of two atoms wi th  space-f ixed magnetic quantum numbers. 

Furthernlore, t he  t o t a l  space-f ixed r\ va lue  must be conserved. 

We now l e t  t h e  system evolve 
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That is ,  a t  t h e  end, 

and t h e  var ious  2 
t h i s  t r u e .  I f  t he  coupl ing i n  (3-1) i s  neglec ted  i t  w i l l  no t  

be t r u e ,  and t h e  space-f ixed 

components must have j u s t  the  weights  t o  make 

r / l  w i l l  no t  appear t o  be conserved. 

Furthermore, t h e  a d i a b a t i c  i n t e r a c t i o n  p o t e n t i a l s  and a s soc ia t ed  

nuc lear  equat ions  of motion d i f f e r  cons iderably  f o r  d i f f e r e n t  n 
values ,  s o  t h a t  o ther  ca l cu la t ed  q u a n t i t i e s  may a l s o  be cons iderably  

35 
a f f e c t e d  by omission of t h e  fi coupling. Thorson17 and Bates 

37,18 have discussed t h i s  problem i n  de ta i l ,  and t h e i r  c a l c u l a t i o n s  

on &-  Hc and Ht- H c o l l i s i o n s  show t h e  importance of t he  

coupl ing  i n  some c o l l i s i o n  processes .  

3. The n Coupling i n  Diatomic Molecules 

The coupl ing  g ives  r ise  t o  the  A -doubling i n  molecular 

s p e c t r a  discussed i n  Sec t ion  I. The f a c t  t h a t  t h i s  e f f e c t  i s  small  

and a l s o  t h e  success  of the  BO approximation, i n  which t h e  coupl ing  

i s  neglected,  i n d i c a t e  t h a t  the coupl ing  i s  very  small and usua l ly  

unimportant i n  bound s t a t e  diatomic molecules, and we now cons ider  

such cases .  

I n  d i scuss ing  t h e  coupling, i t  i s  important t o  c l e a r l y  

i d e n t i f y  t h e  s t a t e s  involved. From Eq. (2-23) and (2-41) one sees 

t h a t  
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That is, the  wavefunctions involved have t h e  same energy, t o t a l  

angular  momentum, and p a r i t y .  

angular  momentum a long  t h e  i n t e r n u c l e a r  a x i s .  And E q .  (2-37) appears  

t o  be  a l i n e a r  combination of degenera te  s ta tes ,  However, .f2- i s  n o t  

e x a c t l y  a good quantum number, and from E q .  (2-37), 

They d i f f e r  only i n  t h e  component Of 

one sees t h a t  t h e r e  i s  r e a l l y  only  pne s t a t e ,  and t h e  func t ions  f o r  

d i f f e r e n t  va lues  a r e  components of t h a t  s t a t e .  

However, i t  i s  known exper imenta l ly  t h a t  t o  an  e x c e l l e n t  

approximation, a is a good quantum number. To connect t h a t  f a c t  

w i t h  t h e  exac t  r e s u l t ,  l e t  us write t h e  set  of equa t ions  (3-1) i n  

ma t r ix  form, 

I 
ah,$ , where from (3-2) and (3-3), 

i s  the  u n i t  matrix,  and t h e  elements of are l abe led  by 



4i 

are given by Eq. (3 -3 ) ,  and a l l  o the r  %a,,, are  

zero.  The i n d i c e s  &! run i n  order over t he  va lues  

a3 4, -S+$ ' 0  i J. (3-8)  

Eq. ( 3 - 6 )  i s  e s s e n t i a l l y  a secular  equat ion.  I f  one so lves  i t  

exac t ly ,  he ob ta ins  a set of energy eigenvalues ,  

each e igenvalue  a column vec tor  

It i s  t h e s e  d i f f e r e n t  components of a given s t a t e  t h a t  are coupled 

E,: , and wi th  

y(i) with  components q(&x,L) * 

i n  Eq. (3-1)* 

As t he  coupl ing  between equat ions grows smaller, fo r  a given 

i n  s i z e  and importance, and i n  the l i m i t  of zero  coupl ing w i l l  be 

t h e  only component of v(i) . I n  t h i s  l i m i t ,  one can l a b e l  E; 

by _(1 a s  w e l l  as 

spec t roscop ic  2 state .  It i s  u s u a l l y  a convenient  and adequate 

i, and t h i s  des igna t ion  w i l l  be t h a t  of t h e  

des igna t ion .  Let u s  c a l l  t he  so lu t ion  n e g l e c t i n g  fi coupl ing  
h N h 

TIT,@. The spec t roscopic  s ta tes  y(xfi) and q(s)J?.k\) 
w i l l  d i f f e r  i n  ene rg ie s  i n  general ,  and t h e  l a r g e r  t h e  d i f f e r e n c e  

i n  theseenerg ies ,  t he  smaller one expec ts  t h e  coupl ing t o  be i n  t h e  

e x a c t  equat ions .  

I n  connect ion wi th  t h e  genera l ly  s t r o n g  dependence of t he  energy 

and t h e  r e s u l t i n g  small  coupi ing  i n  bound s t a t e s ,  w e  mention DR fl- 
t h e  fol lowing.  I n  t h i s  body-fixed coord ina te  system, 

82 
Hence, s i n c e  
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one has  t h e  r e s t r i c t i o n  

i n  a d d i t i o n  t o  the  r e s t r i c t i o n  (3-8) .  This  l a t t e r  r e s t r i c t i o n  keeps 

fi smal l  f o r  most s ta tes  of i n t e r e s t  even though J may b e  

l a rge .  We d i scuss  examples of coupl ing  i n  Sec t ion  VI1 and 

show how the  smallness of t h e  coupl ing  reduces t h e  number of equa t ions  

t h a t  must be considered i n  p r a c t i c e .  

When the r e l a t i v i s t i c  c o r r e c t i o n s  lA are small enough t h a t  

t h e  t o t a l  o r b i t a l  angular momentum K can be taken as quant ized ,  then  

K and A play  t h e  r o l e s  of J and fi i n  t h e  c a s e s  d iscussed  

above. But t he re  a r e  a l s o  some a d d i t i o n a l  s i m p l i f i c a t i o n s .  Whereas 

the & +  1 

s p i n  m u l t i p l e t  and s p l i t  them a p a r t ,  t h e  

uncoupled. For example, t h e  t h r e e  s ta tes  of a "z have 

fl = -1,0 and 1 and are coupled i f  and .n are  used. But 

i f  K and r\ can be taken  quant ized ,  t hey  a l l  have A = 0 and 

coupl ing  w i l l  couple t h e  d i f f e r e n t  components of a 

coupl ing  l eaves  them 

a r e  unaf fec ted  by t h e  A f 1 coupling. 

I n  a d d i t i o n  t o  t h e s e  c a s e s  of small and n e g l i g i b l e  coup l ing  

j u s t  discussed, it w i l l  be shown i n  S e c t i o n  IV tha t  i n  t h e  a d i a b a t i c  

approximation, t h e  number of coupled equa t ions  can  always be e x a c t l y  

reduced t o  J + & o r  J + 1 equa t ions  (whichever i s  an  i n t e g e r )  
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4. The J = 0 Case 

When J = 0 , from Eq. (3-8),  t h e r e  i s  only  one allowed va lue  

of , and it i s  w e l l  known t h a t  Eq. (3-1) becomes j u s t  

(3-10) 

Equations equiva len t  t o  Eq. (3-10) have been used i n  t h e  previous 

nonadiaba t ic  t rea tments  49'16 of diatomic molecules.  

Eq. (3-10) was t r e a t e d  by d i r e c t  v a r i a t i o n a l  techniques wi th  

e x c e l l e n t  r e s u l t s .  I n  the  a d i a b a t i c  approximation of t h e  next  

s e c t i o n 2  t h e  s t a t e  J = 0 w i l l  a l s o  p l ay  a n  important  r o l e ,  i t  

l ead ing  t o  t h e  fundamental in te ra tomic  p o t e n t i a l  and the  higher  

s ta tes  t o  a family of e f f e c t i v e  p o t e n t i a l s .  

I n  those  cases ,  

B. T I  

I n  a d d i t i o n  t o  t h e  fl coupl ing discussed above, t h e r e  i s  

another  o b s t a c l e  t o  h igh  accuracy s o l u t i o n  of Eq. (3-1). I n  t h i s  

formalism i t  i s  d i s t i n c t  from but s i m i l a r  t o  t h e  We 

c a l l  i t  t h e  "nonadiabatic" coupling. 

t h e  dependence of PO$,@ on x( and R i s  no t  separable .  And 

except  fo r  ve ry  small systems i n  which 

d i r e c t  var i a t  iona 1 methods I 6 j 4 ' ,  it i s  necessary  a t  present  t o  

ach ieve  some s e p a r a t i o n  of e l e c t r o n i c  and nuc lear  motion. The exac t  

+% coupl ing.  

It i s  due t o  the  f a c t  t h a t  

q[$,R) can be obtained by 
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s o l u t i o n  

e l e c t r o n i c  wave func t ions ,  V(N; R), 
p[$,R) could be expanded i n  t h e  complete set22 of 

(3-11) 

where t h e  j index t h e  e l e c t r o n i c  energy. However, any s e r i o u s  

a p p l i c a t i o n  o f  Eq.  (3-11) i s  impossible  because i t  leads  t o  an 

i n f i n i t e  set of coupled equat ions  which have t o  be  solved t o  ob ta in  

For tuna te ly ,  i n  a c t u a l  p r a c t i c e  one need never t ake  more than  

two or t h r e e  terms i n  t h e  sum t o  o b t a i n  e x c e l l e n t  accuracy. The 

reason f o r  t h i s  is  as fol lows.  A l l  t he  c o n s t a n t s  of t h e  motion 

except ?f a r e  independent of R . Thus, t h e  symmetry p r o p e r t i e s  

of a r e  given by t h e  qlj) i n  the  sum, and a l l  of them i n  t h e  

sum must have e x a c t l y  t h e  same symmetries. Hence, t h e  a r e  j u s t  

those  s t a t e s  f o r  which t h e  non-crossing r u l e 6 *  holds .  

b a s i s  of t h e  Franck-Condon p r i n c i p l e  

them t o  be small  un le s s  t h e  t o t a l  energy i s  near  a pseudocrossing 

And on t h e  

63 we expect  t h e  coupl ing  between 

of two o r  more e l e c t r o n i c  energy curves.  Most of t h e s e  e l e c t r o n i c  

energy curves a r e  separated by l a rge  d i f f e r e n c e s  i n  energy, and 

s i t u a t i o n s  i n  which more than  two of t hese  curves have pseudocrossings 

i n  the  same energy r eg ion  a r e  very  r a r e .  Hence, one only need 

inc lude  e l e c t r o n i c  s t a t e s  i n  (3-11)  having pseudocrossings i n  t h e  
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energy range of i n t e r e s t .  

be t r e a t e d  by pe r tu rba t ion  theory.  

The res t  of t he  e l e c t r o n i c  s t a t e s  can 

c. ; 
We now d i scuss  p o s s i b l e  methods of s o l u t i o n  of Eq. (3-1).  For 

t h i s  purpose i t  i s  convenient t o  d i s t i n g u i s h  four s p e c i a l  ca ses :  

I n  case 1) b o t h  the  fi 

i n  2) t h e  nonadiabat ic  coupl ing  i s  important and t h e  A 

i s  unimportant;  i n  3) t h e  nonadiabat ic  coupl ing can be moderately 

important ,  bu t  t h e  coupl ing i s  unimportant;  and i n  4 )  t h e  

nonadiaba t ic  coupl ing i s  unimportant, but  t he  fi coupl ing i s  

important .  We d i scuss  t h e s e  cases  i n  order .  I n  a l l  ca ses  i t  i s  

assumed t h a t  t h e  e l e c t r o n i c  wavefunctions and ene rg ie s  are  known. 

and nonadiabat ic  coupl ings a r e  important ;  

coupl ing  

1. Both n 
One expec ts  t h a t  both and nonadiaba t ic  coupl ings w i l l  be  

and Nonadiabatic Coupling Important 

important  s imultaneously only very r a r e l y ,  because t h e  Franck- 

C ~ n d o n ~ ~  p r i n c i p l e  i s  expected t o  be v a l i d  for  both kinds of coupling, 

and t h e  p o t e n t i a l s  r a r e l y  l i e  c lose  toge ther .  And when such cases  

occur,  they  can b e s t  be t r e a t e d  ind iv idua l ly .  I f  t h e  atoms involved 

are  very  small ,  i t  seems l i k e l y  t h a t  fo r  small J , d i r e c t  

v a r i a t i o n a l  techniques similar t o  those  of Kolos and Wolniewicz 

could be extended t o  ob ta in  the  simultaneous s o l u t i o n  of Eq. (3-1) .  

A t  p resent  such an approach i s  c l e a r l y  l i m i t e d  t o  small systems 

and very  few equat ions,  bu t  as t h e  s i z e  and speed of computers grows, 

16 
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t h i s  approach should become more and more a t t r a c t i v e .  For l a rge r  

systems one could use a two or t h r e e  t e r m  sum of t h e  form of (3-11) 

and t r ea t  both t h e  fi coupl ing and psuedocrossin4 coupl ing  

s imultaneously by s tandard  numerical  techniques t o  ob ta in  t h e  

nuc lear  wave func t ions  

"perturbed s t a t i o n a r y  s ta tes"  method 

6 1  . This  i s  e s s e n t i a l l y  an  ex tens ion  of t he  

27 
of s c a t t e r i n g  theory.  

32 Examples have been t r e a t e d  by Bates and W i l l i a m s 3 7  and Kouri . 
W e  do n o t  consider t h i s  case  any f u r t h e r  i n  t h i s  work. 

2. Nonadiabatic Coupling Important ,  .n Coupling Unimportant 

I n  t h i s  ca se  t h e  A coupling can be neglec ted  i n  f i r s t  

approximation and t r e a t e d  af terward by i t e r a t i o n  methods. 

the  major problem he re  i s  the  s o l u t i o n  of 

Thus, 

(3-12)  

when E,: 
p o t e n t i a l  curves.  

pe r tu rba t ion  theory,  time-dependent p e r t u r b a t i o n  theory  , or  by 

simultaneous numerical  s o l u t i o n  of t h e  coupled equat ions .  It has  

been t reated ex tens ive ly  by s e v e r a l  au tho r s  29-31. 

a s  one l i m i t  of Case 3) below but  no t  t r e a t e d  i n  t h i s  work. 

l i e s  near t h e  pseudocrossing of two or  more a d i a b a t i c  

This  problem can be t reated by degenerate  

30 

It i s  d iscussed  
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3. Nonadiabatic Coupling not Too Important ,  Coupling 

Unimp or t a n  t 

I n  t h i s  ca se  t h e  coupl ing can  aga in  be t r e a t e d  l a s t  by 

i t e r a t i o n  methods. For c o l l i s i o n  problems t h e  proper  t rea tment  of 

t h e  nonadiaba t ic  coupl ing  ranges he re  from simple f i r s t  order  

eva lua t ion  of t h e  t r a n s i t i o n  matrix elements w i th  a d i a b a t i c  or 

Rnrn-Oppenheimer func t ions  t o  any of t h e  t rea tments  of c a s e  2 

above, depending on the  importance of t he  nonadiabat ic  coupl ing.  

However, f o r  bound or  metastable  s ta tes  t h e  coupl ing  can be t r e a t e d  

by p e r t u r b a t i o n  theory  s t a r t i n g  from t h e  a d i a b a t i c  approximation, 

and t h e  nonadiaba t ic  e f f e c t s  on t h e  t o t a l  energy and a l s o  on t h e  

p o t e n t i a l  i t s e l f  can  be est imated.  This  l a t t e r  c a s e  i s  t r e a t e d  i n  

d e t a i l  i n  Sec t ion  I V .  

4 .  Nonadiabatic Coupling Unimportant, bu t  Coupling Important  

I n  t h i s  c a s e  t h e  a d i a b a t i c  approximation can be used fo r  q($,l?) 
and t h e  e l e c t r o n i c  v a r i a b l e s  i n t e g r a t e d  out .  Then one j u s t  has  

coupled equat ions  depending on one va r i ab le ,  R , t o  so lve  f o r  t h e  

nuc lea r  wavefunctions,  . Each XlL) i s  coupled only t o  i t s  

n e a r e s t  neighbors  l[R+I) 

form a Jacobian Normal Form matrix.  Numerical methods f o r  handl ing  

such equat ions  a r e  w e l l  developed6', so  t h a t  once t h e  a d i a b a t i c  

p o t e n t i a l s  have been obtained, t h e  

and xf2-1) , s o  t h a t  t h e  set of equat ions  

';c should be ob ta inab le  f o r  J 

no t  t o o  la rge .  This  case  i s  discussed i n  more d e t a i l  i n  t h e  next  

s ec t ion ,  and i t  i s  shown t h a t  t h e  p a r i t y  r e s t r i c t i o n  on t h e  wave- 

func t ions  reduces t h e  nulpber of t h e s e  equat ions  from 25  + 1 t o  

J + 5 or  J + i, t h e  nea res t  h t e g e r  larger than J . 
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I V .  ADIABATIC APPROXIMATIONS 

I n  t h i s  s e c t i o n  t h e  i n t e r n a l  equat ions  of motion, Eq. (3-11, 

are  treated by pe r tu rba t ion  theory  f o r  t h e  cases  3)  and 4 )  j u s t  

d iscussed.  Adiabat ic  wavefunctions a r e  used as t h e  ze ro th  order  

approximation. The two cases  are  t r e a t e d  i n  order .  

a d i a b a t i c  approximation i s  extended t o  a l low an  approximate e s t ima t ion  

of nonadiabat ic  c o r r e c t i o n s  t o  t h e  p o t e n t i a l .  I n  case  4 )  t h e  

coupl ing i s  d iscussed  i n  t h e  a d i a b a t i c  approximation. 

I n  case  3) t he  

It i s  assumed t h a t  ca se  3) of the  previous s e c t i o n  holds ,  and 

t h e  fi coupl ing i s  ignored a t  p re sen t .  The equat ion  t o  be solved 

i s  t h e  diagonal  p a r t  of Eq. ( 3 - l ) ,  

where 
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We now t rea t  Eq. (4 -1 )  by pe r tu rba t ion  methods. The higher  

order  c o r r e c t i o n s  obtained a r e  q u i t e  r e s t r i c t e d  i n  a p p l i c a b i l i t y ,  bu t  

t h e  d i scuss ion  of the  r e s t r i c t i o n s  i s  postponed u n t i l  t he  end of t h i s  

subsec t ion .  We assume t h a t  

p = tp" ! P l y  
n 

( 4 - 3 )  

where p =  / i s  a pe r tu rba t ion  o rde r ing  parameter.  The ze ro th  

order  wavefunction chosen is a n  a d i a b a t i c  approxinat ion,  

(4 -4 )  

The l/J he re  a r e  e l e c t r o n i c  wave func t ions  and t h e  % are 

nuc lea r  wavefunctions.  The equat ions they  s a t i s f y  w i l l  be  der ived 

below. It is  seen t h a t  t he  energy index i* 3 , ~ )  where j 

s p e c i f i e s  t h e  e l e c t r o n i c  energy and U s p e c i f i e s  t h e  nuc lear  

s t a t e  which goes wi th  J t o  give (I as t h e  t o t a l  energy, 
E (0) 

I n  what fol lows every th ing  i s  d iagonal  i n  the  good quantum numbers 
4 

3 , A , , Fa , and they  are u s u a l l y  no t  w r i t t e n  e x p l i c i t l y .  

The e l e c t r o n i c  wavefunctions p&; F() a r e  allowed t o  depend 

only pa rame t r i ca l ly  on R and a r e  assumed orthonormal for  a l l  R , 
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The symbol 

the  ba r s  on p and p, were explained a t  Eq. (2-57) .  

<\>% impl ies  i n t e g r a t i o n  over t h e  e l e c t r o n i c  space,  and 

The exact  choice  of the  equat ions  s a t i s f i e d  by and e i s  

somewhat a r b i t r a r y .  However, a convenient choice  has  been made by 

Herman and Asgharian , and w e  use i t  here .  Let 

i n t o  Eq. (4-1). The r e s u l t  i s  

6 (E"' be s u b s t i t u t e d  

where H, i s  given by (4-2). The e l e c t r o n i c  wavefunction i s  now 

chosen t o  s a t i s f y  t h e  e f f e c t i v e  e l e c t r o n i c  equat ion,  

The r e s t r i c t i o n  (4-6) on makes i t  c l e a r  t h a t  t h e  terms i n  (4-8) 

which conta in  d e r i v a t i v e s  of 9 wi th  r e s p e c t  t o  R a r e  t o  be 

t r e a t e d  by pe r tu rba t ion  theory  only. 

i n t e ra tomic  p o t e n t i a l .  Eq. (4-8) i s  t r e a t e d  i n  more d e t a i l  i n  

Sec t ion  V. In  t h i s  s e c t i o n  i t  i s  assumed t h a t  i t s  s o l u t i o n s  are  

known t o  some c o n s i s t e n t  order  i n  /LL -I. (2nd o rde r  i n  t h i s  case) .  

Then, t h e  nuclear  wavefunctions are chosen t o  s a t i s f y  t h e  fo l lowing  

equa t ion, 

e4(R;e$$) i s  t h e  e f f e c t i v e  
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(4-9) 

I qd 10) 
(R) w i l l  be chosen t o  make t h e  second order  c o r r e c t i o n s  t o  

vanish  and thus  g ive  approximately the  nonadiabat ic  c o r r e c t i o n s  

t o  t h e  e f f e c t i v e  p o t e n t i a l .  This method i s  equiva len t  t o  t h e  

method used by Van Vleck and Herman and 

Asgharian t o  ob ta in  nonadiabat ic  c o r r e c t i o n s  t o  the  p o t e n t i a l  

i t s e l f  r a t h e r  than  j u s t  t o  t h e  t o t a l  energy. 

5 14 F i s k  and Kirtman 

6 

Use of Eq. (4-8 and 9 )  i n  Eq. (4-7) al lows it t o  be w r i t t e n  

i n  t h e  form, 

where 

and 

(4-11) 

(4-12) 

Eq. (4-11) j u s t  c o n s i s t s  of  the l e f t o v e r  terms. They are considered 

t o  be of order  . One sees t h a t  t h e  pe r tu rba t ions  and 

3;' are  ope ra to r s  and are  only  w e l l  def ined when a c t i n g  on t h e  



z e r o t h  order wavefiinctinn; 

t h a t  a pe r tu rba t ion  s o l u t i o n  f o r  

non-degenerate, and i f  gL"' i s  always expanded i n  t h e  z e r o t h  

order  so lu t ions ,  

Flcwe*:er Y it is ------A ~ u V C U  - -  i r i  Appendix 2 

( 0 )  
i s  s t i l l  p o s s i b l e  i f  Ej,, i s  

I f  t hese  condi t ions  can  be s a t i s f i e d ,  then  from Appendix C, 

and 

(4-13) 

(4-14) 

From Eq. (4-11) t h e  f i r s t  o rde r  energy i s  given by 

I n  Appendix D t he  i n t e g r a l  over e l e c t r o n i c  coord ina te s  i s  shown t o  

vanish  i d e n t i c a  1 ly  . Therefor e ,  

s 0. (4-17) 
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11 

E q .  (4-12) and Unsold’s approximation can be used t o  s impl i fy  t h e  

second order  energy. 

t h e  energy d i f f e r e n c e s  €$, 4;; by a mean va lue  d j v  and 

us ing  the  c l o s u r e  r e l a t i o n s  t o  perform the  sum. The r e s u l t  i s  

The Unsgld approximation c o n s i s t s  of r e p l a c i n g  

The problems involved i n  the  Uns2ld approximation w i l l  be d iscussed  

la te r .  From Eq.  (4-11) l e t  

And from E q .  (2-49) o r  Appendix B , E q .  (B-51) ,  one sees t h a t  

(4-21)  

where @ i s  given by E q .  (2-49). Let  ff:@IR) now be chosen 

t o  be 

(4-22) 
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Then, t h e  second order  c o r r e c t i o n s  vanish: 

(4-23) 

This  l/$R) i s  a v e l o c i t y  dependent p o t e n t i a l .  I t  r e p r e s e n t s  

con t r ibu t ions  of s t a t e s  o the r  than  t h e  s i n g l e  a d i a b a t i c  s t a t e  go' 
t o  t h e  e f f e c t i v e  p o t e n t i a l .  It i s  hence a nonadiaba t ic  c o r r e c t i o n  

due t o  t h e  pseudocrossing type  of coupl ing.  S e t t i n g  = 1 I n  

Eq. (4-9) and us ing  t h e s e  r e s u l t s ,  one f i n d s  t h e  nuc lear  equat ion  

B 

of motion, 

(4-24) 

So lu t ion  of Eq. (4-24) provides  nuc lear  wave func t ions  an-d t o t a l  

ener  gie s . 
Let  u s  now d i scuss  some of t h e  d i f f i c u l t i e s  and r e s t r i c t i o n s  

connected with Eq. (4-24). Most of them involve  t h e  sum i n  Eq. (4-151, 

(4-25) (1  1 L4;%oix)R = - 
jbydp E;::, - E;' 9 

F i r s t l y ,  i t  should be c l e a r  t h a t  t h e  R dependence of 

64 should no t  be taken too  s e r i o u s l y  . Eq. (4-23) and (4-25) are t h e  

only  necessary and s i g n i f i c a n t  r e s t r i c t i o n s  on . Secondly, i f  

uJ"zP) 

na4 
i s  r e a l l y  of &)A-') as Eq. (4-22j .appears  t o  be, then  i t  i s  
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nod 
n e g l i g i b l e ,  as pointed out  i n  the  in t roduc t ion .  

cons iderably  l a r g e r  than Op-9 depending on t h e  s i z e  of Ajv  . 
d i s c u s s  i t s  s i z e ,  l e t  us  write Eq. (4-25) i n  more d e t a i l ,  

However, u, can be 

To 

From equat ion  (4-17) t h e  clat r ix  elemencs vanish  if j' = j . Also ,  

a l l  t h e  s t a t e s  i n  t h e  sum have the  same symmetry. One thus  sees 

t h a t  i f  t h e r e  can e x i s t  an  e l e c t r o n i c  s t a t e  

symmetry as j wi th  nuc lear  energy p' such t h a t  E;/gl 

then  t h e  term i n  Eq. (4-26) can blow up, and Eq. (4-24) becomes 

nonsense. I n  syJch a case the  a d i a b a t i c  approximation (4 -4)  i s  no t  

j u s t i f i e d  and t h e  whole procedure he re  f o r  c a l c u l a t i n g  t h e s e  higher  

order  c o r r e c t i o n s  i s  i n v a l i d  . One must then  e i t h e r  l i m i t  t h e  

c a l c u l a t i o n  t o  lower accuracy or t r ea t  i t  as c a s e  2 )  of t h e  preceding 

j '  of t h e  same 

= E;; , 1O-l 

65 

s e c t  ion.  

For most bound s ta tes  of diatomic molecules and some metas tab le  

66 and very  low energy c o l l i s i o n  s ta tes  no degeneracy i s  p o s s i b l e  

and Eq. (4-24) i s  v a l i d .  However, i n  h igher  energy c o l l i s i o n s ,  due 

t o  t h e  f a c t  t h a t  t h e  r e l a t i v e  t r a n s l a t i o n a l  energy (indexed by u ) 

i s  continuous,  Eq. (4-24) i s  not u sua l ly  app l i cab le .  

For t h e  ground s t a t e  and the  lowest s t a t e  of each symmetry, 

can be es t imated  i n  a s t ra ight forward  way us ing  t h e  Hyl le raas  

The procedure for  t he  p a r t i c u l a r  kind of  v a r i a t i o n  p r i n c i p l e  67,68. 

p e r t u r b a t i o n  encountered he re  i s  given i n  d e t a i l  i n  Appendix C . 
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_- ‘xne r e s u i t .  i s  

(4-26)  

The value,  X , J ,  i s  a upper bound t o  &, , s o  t h a t  t he  

est imated value of t he  sum i s  an upper bound t o  i t s  t r u e  va lue .  

Since 

Eq. (4 -26)  m u s t  be eva lua ted  us ing  some approximation such as 

wavefunctions f o r  

Eq. (4-24)  a l l  t h e  more apparent .  We cons ider  W j  (R) i n  more 

d e t a i l  f o r  a s p e c i a l  ca se  i n  Sec t ion  V I I .  

dj,, m u s t  be known before  ?!. and q“’ can be determined, 

BO 

@lo),  which makes t h e  approximate na tu re  of 

nrd 

B. T n  

Case 4 )  of Sec t ion  I11 i s  now assumed t o  hold.  The .f2- coupl ing  

i s  important,  b u t  t h e  pseudocrossing coupl ing  i s  n e g l i g i b l e .  I n  

t h e  t reatment  t h a t  fol lows t h e r e  i s  a hidden approximation; namely, 

of Eq. (3-3) a r e  not  allowed t o  in f luence  the  

choice of e l e c t r o n i c  wavefunctions.  Even so,  i t  should be an  

e x c e l l e n t  approximation f o r  many systems. 

Let u s  assume t h a t  &&$) i s  adequate ly  descr ibed  by a 

func t ion  of t h e  form of Eq. (4 -4) ,  

pa*= yd y, (4-27)  

The e l e c t r o n i c  wavefunction, , i s  aga in  assumed t o  s a t i s f y  

Eq. (4 -8)  t o  a c o n s i s t e n t  order  i n  That i s  f i r s t  o rde r  i n  P- 



t h i s  case, and t h i s  procedure w i l l  g ive  a l l  c o r r e c t i o n s  through o@. 
To determine t h e  equat ions  s a t i s f i e d  by 

into E q .  (3-l), mul t ip ly  by Vh) and i n t e g r a t e  over e l e c t r o n i c  

space.  E q .  (4-16 and 1 7 )  s t i l l  hold because of , and the  

ad x , we s u b s t i t u t e  qQd 

r e s u l t  i s  

(4-28)  

Here t h e  func t ions  kn,f i ig) a r e  t h e  matrix elements 

(4-29)  

wi th  given by Eq. (3-3) .  The quantum numbers no t  

w r i t t e n  are implied t o  be  the  p a r t i c u l a r  va lues  l i s t e d  i n  Eq. (4 -4) .  

I f  Eq. (4-28)  i s  s a t i s f i e d ,  then 

( 4 - 3 0 )  

so  t h a t  t h i s  approximation inc ludes  a l l  f i r s t  order  co r rec t ions .  

The set (4-28)  of 25 + 1 coupled equat ions now involves  

only one v a r i a b l e ,  R . Since g(R;c# = E(R$;f&), 

t h i s  i s  a set of nuc lear  equat ions involv ing  a family of e f f e c t i v e  

p o t e n t i a l s .  The concept of the s i n g l e  p o t e n t i a l  t o  be used i n  a 

r a d i a l  Schrodinger equat ion  i s  thus  modified. 
9 9  

The coupl ing i n  (4-28)  is  s u b j e c t  t o  Eq.  (3 -8 )  and (3 -9 )  and 
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has  t h e  same c a s e s  of vanish ing  o r  reduced coupl ing d iscussed  i n  

Sec t ion  111. The a d i a b a t i c  approximation a l s o  produces a d d i t i o n a l  

s i m p l i f i c a t i o n s .  The wavefunction, , used he re  must s a t i s f y  

E q .  (2-44), 

But from Eq.  ( 4 - 2 7 )  t h i s  i s  

(4-32) 

s i n c e  CT& does not  a f f e c t  R . For a 9 b u i l t  of t h e  usua l  

kinds of func t ions ,  i t  i s  shown i n  Appendix B, Eq. (B-69 and 70), 

t h a t  f o r  0 , t he  e l e c t r o n i c  func t ions  can  always be taken  t o  

s a t  i s  f y  

But i f  a =  0 , t h e  e l e c t r o n i c  func t ions  can  e i t h e r  be odd (-) or  

even (+) under r e f l e c t i o n  , 69 

S u b s t i t u t i n g  Eq. (4-33 and 34) i n t o  the  l e f t  s i d e  of Eq. (4-31) one 

sees  t h a t  the proper behavior under q3 i s  given by choosing 
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and 

( 4 - 3 5 )  

( 4 - 3 6 )  

The only d i f f e r e n c e  between X(R;-R) and x(R; $1 i s  t h e i r  

r e l a t i v e  phase. This  means t h a t  some of t h e  25 + 1 equat ions  are 

redundant.  The redundant ones can be removed from the  s e t  as 

fol lows.  We write t h e  set  (4-28) i n  mat r ix  form, 

( 4 - 3 7 )  

- 
where t h e  rows and columns s t a r t  from & - J  and run  t o  a=J. 
f i s  t h e  u n i t  matr ix .  The elements hflfit of h are  ze ro  except  

given by Eq. (4-29) and 

( 4 - 3 8 )  

2 
That E.(&)depends only on a , r a t h e r  than  on & , i s  w e l l  

1 

known and can be seen from Eq. (4 -2 ) .  

L e t  us cons ider  i n ' o r d e r  t h e  cases  i n  which J (and hence & ) 

i s  an i n t e g e r  o r  a h a l f  i n t ege r .  I f  J i s  an in teger ,  then  t h e  

A= 0 equat ion  appears  i n  the set. It reads  
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( 4 - 3 9 )  

P+T 
From Eq. ( 4 - 3 6 )  Xr-1) =c-i) x(1) , and i n  Appendix D 

i t  i s  shown t h a t  

-3 
= c-d’ h,, 

0,-I 

Thus, Eq. ( 4 - 3 9 )  becomes 

( 4 - 4 0 )  

4-4 

This  completely uncouples t h e  equat ions  f o r  0 or  p o s i t i v e  fi 
from those  for nega t ive  51 . Then Eq. ( 4 - 3 7 )  can be taken t o  

inc lude  only the  va lues  A= 0 , .. . J . 
equat ions  thus reduces t o  a maximum of J + 1 equat ions ,  i n  which 

a l l  t h e  elements are t h e  same a s  before  except f o r  t h e  

Eq. ( 4 - 4 1 ) .  

The set  of 25 + 1 

zho, i n  

I f  J i s  a ha l f  i n t e g e r ,  then  A= 0 cannot  occur.  The two 

c l o s e s t  values  are a= -!i and % . The equat ion  f o r x =  % i s  

From Eq. (B-66), w e  drop t h e  J i n  Eq. ( 4 - 3 6 )  f o r  t h i s  h a l f  i n t e g r a l  

case .  Then x ( - k )  = (-i)pr(!$) , and Eq. ( 4 - 4 2 )  becomes 
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This  completely uncouples t h e  equat ions fo r  nega t ive  /t from t h e  

rest of t h e  set .  The mat r ix  i s  s p l i t  i n  h a l f  and we are  l e f t  wi th  

J + equat ions  f o r  t h e  va lues  = , ’/? , ..., J . A l l  t h e  

equat ions  except  t h e  A =  % equat ion  remain unchanged. 

A t  t h i s  po in t  the o r i g i n  of the A - and ,O - type s p l i t t i n g s  

i n  molecular s p e c t r a  i s  c l e a r .  

Eq. ( 4 - 4 3 )  and the  two choices  of p make 

equat ion  wi th  a p o s i t i v e  o r  a nega t ive  s i g n  and s h i f t  t h e  energy up 

or  down. I n  Eq. (4-41) t h e  e l e c t r o n i c  wave func t ion  V/O)  which 

The p a r i t y  appears  e x p l i c i t l y  i n  

h,,.,-k come i n t o  t h e  

appears  i n  h,, 
i t s  choice  a f f e c t s  t h e  va lue  of 

may be e i t h e r  even or odd under r e f l e c t i o n ,  and 

h,, , producing s l i g h t l y  d i f f e r e n t  

energy eigenvalues .  I n  bound s ta te  molecules t h e  coupl ing and 

s p l i t t i n g s  are small  e f f e c t s ,  and t o  ob ta in  t h e  spec t roscopic  s t a t e s  

and energ ies ,  one u s u a l l y  need consider  no more than  t h r e e  equat ions .  

I f  one i s  i n t e r e s t e d  i n  t h e  s t a t e  , he can cons ider  t h e  equat ions  

f o r  L% , a+ 1, and -1 , but  neg lec t  t he  coupl ing  t o  t h e  & +  2 

equat ions .  An example i s  discussed i n  Sec t ion  VII. 

C. T l  

For the  sake of c l a r i t y ,  l e t  us  show t h e  connect ion between 

t h e s e  a d i a b a t i c  approximations and t h e  Born-Oppenheimer approximation. 

I n  t h e  BO approximation one t akes  

(4-44)  
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But i n  t r e a t i n g  t h e  equ iva len t  of Eq. (4 -8 )  f o r  , many of 

t h e  terms i n  Eq. (3-2) are  neglected,  and j u s t  s a t i s f i e s  t h e  

s t a t i c  o r  f ixed-nucleus e l e c t r o n i c  equat ion,  

(4-45)  

Ms i s  the  s t a t i c  e l e c t r o n i c  Hamiltonian obtained by n e g l e c t i n g  

t h e  mass p o l a r i z a t i o n  terms (and u s u a l l y  a l s o  H, ) i n  Eq. (2-6). 

The e f f e c t s  of both 

and the  nuclear  wavefunctions j u s t  s a t i s f y  

and nonadiaba t ic  coupl ing  are neglec ted ,  

The e f f e c t i v e  p o t e n t i a l  i s  now 

(4 -46)  

(4-47)  

where &(R) 
t h a t  i n  t h i s  approximation only one term i n  Eq. (2-37)  need be 

taken, and the  

Thus both of t h e  a d i a b a t i c  approximations used i n  t h i s  s e c t i o n  

i s  t h e  u s u a l  e l e c t r o n i c  energy. It should be noted 

70 JL 
c)lM(7R)reduce t o  the  s p h e r i c a l  harmonics y, ('~q), 

reduce t o  the Born-Oppenheimer approximation i f  one simply n e g l e c t s  

t he  c o r r e c t i o n  terms. Th i s  c l o s e  connect ion a l lows  one t o  s t a r t  from 

t h e  BO approximation and t rea t  t h e  v a r i o u s  c o r r e c t i o n s  by 

pe r tu rba t ion  methods. 
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V. THE ELECTRONIC EQUATION 

I n  the  previous s e c t i o n  i t  was assumed t h a t  t h e  s o l u t i o n s  of t h e  

e f f e c t i v e  e l e c t r o n i c  equation, Eq. (4-8), were known. I n  t h i s  s e c t i o n  

t h a t  equat ion  i s  t r e a t e d  by p e r t u r b a t i o n  methods. A d e t a i l e d  t reatment  

i s  presented f o r  t h e  s p e c i a l  case  of n e u t r a l  atoms i n t e r a c t i n g  a t  

l a rge  separa t ions .  

next  only involve i n t e g r a t i o n  over the  e l e c t r o n i c  space, and fo r  

s i m p l i c i t y  t h e  s u b s c r i p t  w i l l  be omitted.  

All matr ix  elements L\> i n  t h i s  s e c t i o n  and t h e  

A .  T T  - 
I n  Sec t ion  I V  t h e  e l e c t r o n i c  wave func t ions  v($;R; fi,F,ihffi) 

were introduced. They depend only p a r a m e t r i c a l l y  on R and a r e  

s o l u t i o n s  of t he  e f f e c t i v e  e l e c t r o n i c  equat ion,  

From Eq. (4 -2)  and (2-6) can be w r i t t e n  a s  

where Hs i s  the  s t a t i c  or BO e l e c t r o n i c  Hamiltonian, 

(5-3) 
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and t h e  a r e  the  a d i a b a t i c  co r rec t ions ,  

(5-4) 

The r e l a t i v i s t i c  and magnetic co r rec t ions ,  %A , are  given i n  these  

20  body-fixed coord ina tes  by Meath and Hirschfe lder  . The l a s t  term, 

( 5 - 5 )  

71 i s  the  c e n t r i f u g a l  p o t e n t i a l  . It i s  j u s t  an a d d i t i v e  cons t an t  i n  

the  e l e c t r o n i c  equat ion.  It  should be noted t h a t  i t  i s  t h e  

r o t a t i o n a l  energy of a symmetric top  r a t h e r  than t h a t  of a BO 

r i g i d  r o t a t o r .  This  choice  of t he  c e n t r i f u g a l  p o t e n t i a l  i s  common 

2 4 , 3 3  i n  spectroscopy 

The e f f e c t i v e  e l e c t r o n i c  equat ion  i s  most convenient ly  t r e a t e d  

by pe r tu rba t ion  theory.  Both d 2  and pa' a r e  smal l  parameters,  

and the  a s soc ia t ed  terms u s u a l l y  make only  small cont r ibu tdons  to 

$ , ( R ; & ) .  In f a c t ,  yd m u s t  be t r e a t e d  only  t o  f i r s t  o rder  i n  

because of t he  l i m i t a t i o n s  of t h e  Hamiltonian. And t h e  d e r i v a t i v e s  

wi th  r e s p e c t  t o  R i n  fg must be t r e a t e d  as p e r t u r b a t i o n s  t o  

maintain only a parametr ic  dependence of l/' on 

9 

. I f  such a 
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p e r t u r b a t i o n  expansion i s  made, the e f f e c t i v e  p o t e n t i a l  can be 

w r i t t e n  a s  

A l l  higher  order  terms a r e  neg l ig ib l e  i n  t h e  Bre i t -Pau l i  

approximation. The $&R) i s  the BO e l e c t r o n i c  energy obtained 

from t h e  f a m i l i a r  e l e c t r o n i c  equat ion ,  

where j l a b e l s  t h e  s t a t e  and s s t ands  .for " s t a t i c " .  The 

r e l a t i v i s t i c  and magnetic cont r ibu t ion ,  Ejd 9 i s  

The f i r s t  o rder  a d i a b a t i c  cor rec t ion ,  zjfi , i s  

(5-9) 

and except  a t  c r o s s i n g  p o i n t s  where $b(R) i s  degenerate ,  t he  second 

order  a d i a b a t i c  co r rec t ion ,  
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The prime on t h e  sum impl ies  t h a t  t h e  term i = j i s  omitted.  

The sum i n  (5-10) involves  only t h e  e l e c t r o n i c  energy index 

because a(! i s  d iagonal  i n  the  good quantum numbers , , and 

f i  . Hence, a l l  t h e  QS involved have t h e  same symmetries a s  %s 

For most systems and most va lues  of 

i s  very la rge  and & , , ( R ) n e g l i g F b l e .  

energy curves &&) and 6,ts(R) involved i n  t h e  sum come c l o s e  

toge ther  or c ros s ,  E *  R) becomes very la rge ,  and t h e  e f f e c t i v e  

p o t e n t i a l  of Eq, (5-6) becomes undefined. 

must t r e a t  t h e  problem by degenerate  p e r t u r b a t i o n  theory  

Linear combinations qs and l-& of t he  degenerate  wave func t ions  

R , t he  denominator i n  Eq. ( 5 - 9 )  

However, when two BO p o t e n t i a l  

4 P A  
I n  such a r eg ion  one 

65,68 

I 

4 and %s a r e  chosen which d i agona l i ze  )/p . This  procedure f5 
s p l i t s  apa r t  t he  degenerate  ene rg ie s  and g ives  r ise  t o  t h e  non- 

c r o s s i n g  ru le  . Eq. (5-9) can be shown t o  s t i l l  be t h e  appropr i a t e  

second order energy except t h a t  now qL appears  i n  p l ace  of 

and t!=k is a l s o  omitted from t h e  sum. 

wi th  these  almost c ros s ings  have been i n v e s t i g a t e d  i n  d e t a i l  

and a r e  not t r e a t e d  i n  t h i s  work. 

62 

+$ 
The problems a s s o c i a t e d  

29-31 

Because €jyfiCR) i s  small except  near c r o s s i n g  p o i n t s  of 

p o t e n t i a l s ,  i t  w i l l  genera‘lly be neglec ted  throughout t h e  r e s t  of 

t h i s  paper. However, two p o i n t s  about i t  should be noted.  F i r s t l y ,  

i t  i s  of about t h e  same order  of magnitude as  t h e  nonad iaba t i c  
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nu d 
cor rec t ions ,  u, CR) , of Eq.  (4-22 and 25), and one should n o t  

c a l c u l a t e  4 (R> without  a t  least  e s t ima t ing  E~IA,(R) . This  has  

not  always been done . Secondly, 

s i n c e  Eq. (5-1) involves  only one a d i a b a t i c  e l e c t r o n i c  func t ion ,  bu t  

it could a l s o  be considered a nonadiabat ic  c o r r e c t i o n  i n  t h e  sense 

nab 

6 EjP,,,&) i s  an  a d i a b a t i c  c o r r e c t i o n  

t h a t  i t  involves  many wavefunctions. 

When 5pp(R) i s  neglected,  a l l  t h a t  i s  needed t o  o b t a i n  t h e  

f i r s t  o rder  c o r r e c t i o n s  i s  t h e  BO e l e c t r o n i c  wavefunction. 

Once t h e  BO e l e c t r o n i c  wavefunctions and ene rg ie s  are obtained 

by any of t h e  methods of molecular quantum mechanics, t h e  eva lua t ion  

of t he  above c o r r e c t i o n s  i s  s t ra ight forward .  To cont inue t h i s  

d i s c u s s i o n  wi th  some degree of gene ra l i t y ,  l e t  us  res t r ic t  t h e  

d i scuss ion  t o  l a rve  R ; t h a t  is ,  l e t  R be s u f f i c i e n t l y  l a r g e  

t h a t  t h e  charge d i s t r i b u t i o n s  of t h e  two atoms do not  over lap  , 
b u t  no t  l a rge  enough t o  involve t h e  retardat ion*’  e f f e c t s  mentioned 

i n  Sec t ion  I. 

. ’ 3  

7 2  

A t y p i c a l  allowed range of R values  would be 

For t h i s  range  of , t he  exchange of e l e c t r o n s 7 2  between 

t h e  atoms can be neglected,  and, i n  add i t ion ,  t he  BO e l e c t r o n i c  

Hamiltonian can be expanded i n  a power series i n  R , -1 

(5-11) 
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where the  zero th  order  Hamiltonian, ?d,,(6’ , i s  

Here xis) and )d:kb) a r e  the  n o n r e l a t i v i s t i c  f ixed-nucleus 

Hamiltonians of t h e  i s o l a t e d  atoms. The higher  terms i n  (5-11) 

a r e  obtained from the  two-center mul t ipo le  expansion 73-75 of t h e  

e l e c t r o s t a t i c  p o t e n t i a l ,  v , of Eq. ( A - 3 )  and can be w r i t t e n  a s  

(5-13) 

where i s  t h e  lesser of 1 and n - 1 - 1  , and 

a The t enso r s  wT a r e  t h e  2 -pole moments of t h e  atoms 

(5-15) 

(5-16) 

The zi a r e  t h e  charges  of t he  p a r t i c l e s .  The p a r t i c l e s  0 and N + 1  

i n  t he  sums a r e  the  n u c l e i  a and b, r e s p e c t i v e l y .  These 0 and 
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N + l  terms i n  the  sums only con t r ibu te  t o  t h e  monopoles of t he  atoms. 

This  i s  because i n  t h e  body-fixed separa ted  atom coord ina te s  ( see  

F igure  2 ) ,  t he  n u c l e i  are a t  t h e  cen te r s  of t h e  atomic coord ina te  

systems : 

There are  problems assoc ia ted  wi th  the  c ~ n v e r g e n c e ~ ~  and 

a n a 1 y t i . c i . t ~ ~ ~  of t h e  expansion Eq. (5-11), bu t  i t  i s  convenient  and 

meaningful i n  t h e  use made of i t  here .  

-1 
We now t r e a t  Eq. (5-7) by pe r tu rba t ion  theory,  using R 

a s  a n a t u r a l  pe r tu rba t ion  parameter. Let  u s  assume t h a t  

ro 

= R-* 
n=o 

and t h a t  

(5-17) 

(5-18) 

where t h e  c o e f f i c i e n t s  i n  these  series a r e  independent of R . Then, 

t h e  r e l a t i v i s t i c  and a d i a b a t i c  c o r r e c t i o n s  t o  the  p o t e n t i a l  a l s o  

t a k e  t h e  form 

(5-19) 
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(5-20) 

We thus  have an o rd ina ry  p e r t u r b a t i o n  theory problem. The 

d e t a i l e d  formulas a r e  derived i n  Appendix C f o r  t h e  Hamiltonian in 

t h e  form (5-11). 

a r e  discussed i n  t h e  fo l lowing  subsec t ions .  

The gene ra l  r e s u l t s  and the  problems wi th  degeneracy 

1. Neut ra l  Atoms 

The d i scuss ion  i s  now r e s t r i c t e d  t o  inc lude  only  t h e  i n t e r a c t i o n  

of two n e u t r a l  atoms. The a p p l i c a t i o n  t o  ion- ion  and ion-atom 

i n t e r a c t i o n s  i s  s t r a igh t fo rward  and i s  omitted l a r g e l y  fo r  l ack  of 

space. The s t a t i c  i n t e r a c t i o n s  of n e u t r a l  atoms a r e  smaller than  

those  of ions,  and the  small c o r r e c t i o n s  a r e  expected t o  be 

r e l a t i v e l y  more important.  

The charge or monopole, , of a n e u t r a l  atom i s  zero .  

Thus, i n  Eq .  (5-13) one has  

(5-21)  

and i t s  sum over A only  need r u n  from]= 1 t o  p= n-2. From 

Eq. (5-21) i t  can  be shown (see  Appendix C )  t h a t  

(5-22) 



Using t h i s ,  we  now give the  general  forms of t h e  p o t e n t i a l  and 

c o r r e c t i o n s .  Many of t he  t e r m s  l i s t e d  w i l l  be shown t o  vanish i n  

Sec t ion  V I .  

2. The S t a t i c  P o t e n t i a l  

The s t a t i c  or BO long-range p o t e n t i a l  i s  represented  by 

Eq. (5-18), and the n=O term i s  

(5-23) 

€"'la) is t h e  energy of t h e  separa ted  atom a . The higher  4s where 

terms a r e  given by Eq. ( C - 4 9 ) ,  

(5-24) 

Here &is 
and q u i t e  large.  I n  the  allowed range of R , i t  w i l l  dominate 

t h e  fol lowing terms. E-J's 

p a s t  6(Q'') , and i n  p a r t i c u l a r ,  we do not  keep any of t h e  smal l  

c o r r e c t i o n  terms p a s t  t h i s  order.  

i s  t h e  van d e r  Waals. energy. It i s  known t o  be non-zero 

Hence, we do not  c a r r y  the  expansion of 
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3. R e l a t i v i s t i c  C o r r e c t h n s  c 3  the  Potenti& 

The terms, Ej4  (4 i n  the  expans!_~,n 15-20) have been worked Out 

i n  d e t a i l ,  together  wi th  t h e i r  se’-e:tisn rules., by Meath and 

Hirschfe lder  . Some of t h e i r  resrr’.cs axe used f o r  a s p e c i f i c  20 

example i n  Sect ion KI, but  ~n J t t a T B s  i r e  pzesented here ,  and t h e  

r e l a t i v i s t i c  c o r r e c t i o n s  are enrLre1.y omitted from t h e  d i scuss ion  

of Sec t ion  V I .  

4 .  Adiabatic Correc t ions  t o  t h e  P o t e n t i a l  

Let us  now consider  t h e  c o e f f i c i e n t s  i n  Eq.  (5-19). They give  

t h e  f i r s t  order a d i a b a t i c  c o r r e c t l o n s  t o  the  Born-Oppenheimer 

p o t e n t i a l .  To d i scuss  them i t  is c o n v e n t e n t  t o  s p l i t  %p i n  Eq. 

(5-4) i n t o  four p a r t s  according t o  the na tu re  of t he  terms. Let 

where %k) a r i s e s  from t h e  r a d i a l  motion of t h e  nuc le i ,  

(5-27) 

(5-28) 

?=/(()are co r rec t ions  due t o  the  c e n t r i f u g a l  motion of t he  n u c l e i ,  
P 

%!$VI) conta ins  t h e  atomic nass p o l a r i z a t i o n  c o r r e c t i o n s ,  

(5-29) 
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(5-30) 

and &(%I ar ises  from t h e  nuc lea r - e l ec t ron ic  c r o s s  d e r i v a t i v e s ,  

(5-31) 

$l)$ seems t o  be l a r g e l y  an a r t i f a c t  of t h e  coord ina te  system and 

has  r a t h e r  l i m i t e d  phys i ca l  s ign i f i cance .  (See Appendix A,  

Eq. ( A - 4 8 ) ) .  Use of Eq. (5-27) a l s o  s p l i t s  up t h e  a d i a b a t i c  

c o r r e c t i o n s  t o  the  p o t e n t i a l  i n  a similar fashion,  

and 

(5-33) 

This  d i v i s i o n  makes i t  convenient t o  t r e a t  t h e  c o r r e c t i o n s ,  and i t  

a l s o  emphasizes t h e  f a c t  t h a t  they ar ise  from t h e  motion of t h e  

n u c l e i .  They are c o r r e c t i o n s  t o  t h e  e f f e c t i v e  p o t e n t i a l ,  no t  

c o r r e c t i o n s  t o  t h e  usua l  s t a t i c  i n t e ra tomic  p o t e n t i a l .  L e t  us  now 

cons ider  t he  gene ra l  dependence of each of t h e  terms. 

a.  The mass p o l a r i z a t i o n  c o r r e c t i o n s .  

The mass p o l a r i z a t i o n  co r rec t ion ,  7$ulh) i s  independent of 
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a . I t s  R-' expansion i s  j u s t  

(5-34) 

From Eq. (C-50) t h e  terms i n  Eq. (5-19) fo r  Ej,(R; m) are  

(5-35) 

(5-36) 

b. The c o r r e c t i o n s  t o  t h e  c e n t r i f u g a l  p o t e n t i a l .  

-1 The expansion i n  R f o r  $I)&) a l s o  con ta ins  only  one t e r m ,  

And from Eq. (C-50) we o b t a i n  

(5-39) 

(5-40) 



35 

(5-41) 

(5-42) 

c. The r a d i a l  motion p o t e n t i a l .  

The c o r r e c t i o n s  due t o  t h e  r a d i a l  motion of t h e  n u c l e i  are 

(5 -44) 

However, i t  i s  shown i n  Appendix D t h a t  t he  second i n t e g r a l  vanishes  

f o r  a l l  R , and t h e  f i r s t  i n t e g r a l  can be put  i n t o  t h e  s impler  form, 

(5-45) 

But wi th  Eq. (5-22), t h i s  becomes 

s o  t h a t  t he  lead t e r m  he re  w i l l  be  of 6 C ’ l / A R 8 )  , i n  t h e  e f f e c t i v e  

p o t e n t i a l .  For a l l  allowed la rge  R values ,  t h i s  i s  n e g l i g i b l e  



76 

compared t o  t h e  o(f?-') term con t r ibu ted  by Eq. (5-26), no twi ths tandins  

Wu and Bhatia'8s1g claims t o  the  cont ra ry .  

d. The c r o s s  d e r i v a t i v e  co r rec t ions .  

The c o r r e c t i o n  due t o  t h e  nuc lea r - e l ec t ron ic  c r o s s  

d e r i v a t i v e s ,  yy(%) , can be w r i t t e n  as 

where 

(5-47) 

(5-48) 

( 0 
The terms i n  the expansion of 

d i r e c t l y  from (C-50). The second t e r m  he re  i s  

Ej,c[R;%) due t o  #Ail() a r e  obtained 

The second i n t e g r a l  vanishes  f o r  a l l  

The expansion of the  f i r s t  i n t e g r a l  i s  obtained by d i r e c t  s u b s t i t u t i o n  

of Eq. (5-17) and (5-22). Combining t h e  r e s u l t  wi th  t h e  expansion 

obtained from E q .  (5-48), we o b t a i n  

f? a s  shown i n  Appendix D. 
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I I  

(5-50) 

(5-51) 

(5-52) 

where k = 4 ,  5, and 6 .  

To o b t a i n  d e t a i l s  and s e l e c t i o n  r u l e s  on a l l  t h e  above matrix 

elements one needs informat ion  about t h e  wavefunctions. This  problem 

is discussed  next.  

D. D? 

1. Degeneracy 

The degeneracies whidh OCCUI: i n  t h e  e l e c t r o n i c  energy a r e  no t  

a c t u a l l y  handled a s  simply a s  was i n d i c a t e d  i n  connection wi th  

Eq. (5-10). The e f f e c t i v e  e l e c t r o n i c  equat ion  (5-2)  i s  a double 
_ _  . _  

p e r t u r b a t i o n  problem, and when r e s t r i c t e d  t o  l a r g e  R i t  becomes 

a t r i p l e  p e r t u r b a t i o n  problem. I t s  ze ro th  order  s o l u t i o n s  are 

products  of atomic wavefunctions and o f t e n  h i g h l y  degenerate.  This  
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degeneracy can sha rp ly  l i m i t  t h e  v a l i d i t y  of t h e  assumption of t h i s  

s e c t i o n  t h a t  t h e  wavefunctions and ene rg ie s  could a11 be  expanded i n  

a t r i p l e  s e r i e s  of t h e  form, 

(5-54) 

The p e r t u r b a t i o n  theory  of t h e  behavior of a s i n g l y  per turbed  

degenera te  l e v e l  i s  complicated but  w e l l  developed 65’78’79. But t h e  

t rea tment  of more than  one p e r t u r b a t i o n  of a degenera te  l e v e l  i s  

much more d i f f i c u l t .  The major problem i s  t h a t  an expansion of t h e  

form (5-54) i s  no t  p o s s i b l e  u n l e s s  t h e r e  e x i s t s  a se t  of degenera te  

zero th-order  wavefunctions which s imul taneous ly  d i agona l i zes  a l l  

t h e  pe r tu rba t ions .  That i s ,  one must have %: such t h a t  

(5-55) 

where i and j belong t o  t h e  degenera te  set. Th i s  m u s t  hold f o r  

t h e  low o rde r s  of k and f o r  q=s,,& o r  d . As H i r s c h f e l d e r ,  

Byers Brown, and E p ~ t e i n ’ ~  poin ted  out ,  t h i s  i s  u s u a l l y  no t  p o s s i b l e .  

I f  i t  i s  n o t  poss ib le ,  t hen  one cannot make t h e  simultaneous 

expansion (5-54) bu t  must group t h e  p e r t u r b a t i o n s  t o g e t h e r  and t r e a t  

t h e i r  sum a s  a s i n g l e  p e r t u r b a t i o n .  

The pe r tu rba t ions  involved i n  t h i s  t r ea tmen t  of t h e  e f f e c t i v e  

e l e c t r o n i c  equat ion  are not i n  g e n e r a l  s imul taneous ly  d i a g o n a l i z a b l e .  

I n  p a r t i c u l a r ,  t h e  s p i n - o r b i t  coupl ing  terms of t h e  s e p a r a t e d  atoms 



i n  p:' , t h e  co r rec t ions  t o  the c e n t r i f u g a l  p o t e n t i a l ,  $@iC) and 

some of t he  muft ipole  moments q5") , are not  always s imultaneously 

d iagonal izable .  However, f o r  any given va lue  of R , t h e  per turba-  

t i o n s  u s u a l l y  d i f f e r  widely i n  magnitude. 

be t r e a t e d  by d i agona l i z ing  t h e  pe r tu rba t ions  i n  the  order  of t h e i r  

s i z e ,  each p e r t u r b a t i o n  being diagonal ized only on t h e  subse t s  l e f t  

degenera te  by t h e  l a r g e r  p e r t u b d l i m s .  

followed, t h e  l a r g e s t  pe r tu rba t ion  can be t r e a t e d  i n  h igher  order ,  

bu t  any p e r t u r b a t i o n  which i s  not d iagonal  on t h e  whole degenerate  

set cannot bc t r e a t e d  i n  h igher  than  f i r s t  order .  We assume t h a t  

such a procedure i s  adequate  and h a s  been c a r r i e d  out  on t h e  systems 

t r e a t e d  here .  

a t  va lues  of R 
cannot be t r e a t e d  sepa ra t e ly .  

I f  so, t he  problem can 

I f  such a procedure i s  

Chang" has  made a c a l c u l a t i o n  of a long range p o t e n t i a l  

f o r  which t h e  pe r tu rba t ions  a r e  the  same s i z e  and 

Regardless  of t he  way i n  which t h e  pe r tu rba t ions  must be t r e a t e d ,  

t h e  c o r r e c t  ze ro th  order  wavefunctions a r e  always some l i n e a r  

combination of t he  o r i g i n a l  degenerate  wavefunctions.  We next  write 

t h e  ze ro th  order  wavefunctions i n  t h e  gene ra l  form of a l i n e a r  

combination and show i n  Sec t ion  V I  t h a t  t h i s  i s  a l l  t h a t  i s  needed 

t o  o b t a i n  t h e  s e l e c t i o n  r u l e s  on t h e  long range e f f e c t i v e  p o t e n t i a l .  

2. The Zeroth-order Wavefunctions 

From Eq. (5-12) the  zeroth-order  equat ion  i s  

(5-56) 



, 

80 

where c o n s i s t s  of the  n o n r e l a t i v i s t i c ,  f ixed-nucleus Hamiltonians 

of t he  separa ted  atoms, 

(5-57) 

Eq. (5-56) i s  separable .  

exchange i s  neg l ig ib l e ,  and the  equat ion  has  a s  s o l u t i o n s  t h e  products  

For t h e  values  of f( considered,  e l e c t r o n  

Z of atomic e igenfunct ions ,  

A complete se t  of t h e  atomic wavefunctions,  ytc) , where 

c = a or b , i s  assumed known. 

cha rac t e r i zed  by a set  of quantum numbers, 

The atomic wavefunctions a r e  

( 5 - 5 8 )  

(5-59) 

where Mk and MS, 
o r b i t a l  and s p i n  angular  momenta, r e s p e c t i v e l y ,  of atom c = a or  b . 
The symbol k, r e p r e s e n t s  t h e  set  of quantum numbers, 

a r e  t h e  (body-fixed) P components of t h e  

(5-60) 

fG where L, and 

i s  the  p a r i t y  of the  atomic s ta te ,  and 

of t he  atom. 

and l-c and s, a r e  assumed t o  be good quantum numbers. Th i s  

s, a r e  t h e  o r b i t a l  and s p i n  angular  momenta, 

We s p e c i f i e s  t h e  energy 

k, The'lenergy i s  assumed t o  be non-degenerate i n  



r e s t r i c t i o n  a i l o w a  t h e  t rea tment  of almost any pa f r  of atoms i n  any 

s ta te .  However, i t  excludes the  very heavy atoms which must be 

t r e a t e d  by 3-3 coupling. But f o r  such heavy atoms t h e  B r e i t - P a u l i  

Hamiltonian i s  no t  adequate,  anyway. It also excludes the  exc i t ed  

s ta tes  of t h e  hydrogen atom s ince  they  are degenerate  i n  f c  

The procedure below could be extended t o  inc lude  exc i t ed  hydrogen 

and /-, . 

atoms by summing ovei Lc , 3rd t h i s  

Dahler and H i r ~ c h f e l d e r ~ ’ ,  bu t  i t  i s  

here ,  and k i s  Considered f ixed.  
C 

problem has been t r e a t e d  by 

not  convenient t o  inc lude  i t  

The ene rg ie s  of t hese  n o n r e l a t i v i s t i c  atoms a r e  degenerate  i n  

MLe and MSc a Hence, t he  product func t ions  3 = y[a>ylq 
are g-fold degenerate,  where 

(5-60) 

and i f  t h e  atoms ere a l i k e  t h e  t o t a l  degeneracy may be 2 g. 

The choice  o €  quantum numbers i n  (5-59) corresponds t o  LS 

coupl ing  i n  t h e  atoms, Since the r e l a t i v i s t i c  co r rec t ions ,  J 

are  included i n  t h e  Hamiltonian, i t  i s  convenient t o  work wi th  

of t h e  t o t a l  atomic angular  e igenfunc t ions  b k , X ,  HC) 

momentum, 8. = gc + s, , with  

and 
(5-61) 
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The func t ions  #cC> a r e  e a s i l y  cons t ruc ted  us ing  p r o j e c t i o n  

. It i s  convenient here  t o  r ep resen t  e) 8 2  
opera to r s  ,  os,^‘ 
by t h e  sum, 

(5-62) 

From t h e  i n i t i a l  se t  of YLC)  , t h i s  produces &C) having the  & values ,  

The products  x' of these  func t ions  4 , 

(5-63) 

(5-64) 

are a l l  s t i l l  degenerate  i n  t h e  n o n r e l a t i v i s t i c  equat ion  (5-56) and 

can be used a s  t h e  b a s i c  degenerate  set. 

The cons t ruc t ion  of t h e  proper zero th-order  s o l u t i o n s  i s  g r e a t l y  

s i m p l i f i e d  by p r o j e c t i n g  func t ions  out  of t h e  zJ which are 

e igenfunct ions  of t h e  exac t  cons t an t s  of motion of t h e  t o t a l  e f f e c t i v e  
d 

e l e c t r o n i c  Hamiltonian, No , of Eq. (5-2) ;  namely, of 3 ,  , q3 , 
and 4 . However, a t  l a r g e  R , 4 i t s e l f  i s  no t  convenient  

t o  use ,  because as def ined  a t  Eq. (2-29) i t  has  t h e  e f f e c t  of i n t e r -  

changing e l e c t r o n s  between t h e  two atoms, 
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(5-65) 

But when 

atoms have equa l  numbers of e l e c t r o n s  as w e l l  a s  i d e n t i c a l  n u c l e i .  

Inscead of us ing  Jk 
name l y  ~ 

i s  app l i cab le  fo r  a system of two n e u t r a l  atoms, t he  

i t s e l f ,  w e  use a s impler  o?era tor ;  

(5-66) 

where t h e  are e l e c t r o n  exchange ope ra to r s  def ined a t  Eq. (2-26). 

The product o€f  t h e  %J exchanges each e l e c t r o n  i n  a w i th  one i n  b . 
If i s  t h e  exac t  so lu t ion ,  it i s  c l e a r  t h a t  

- 
The a c t i o n  of 1, on t h e  product 5' i s  

(5-67) 

(5-68) 
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and p are t h e  p a r i t i e s  of t h e  two atomic func t ions  under Pa b Here 

atomic invers ion .  Thus, I, e s s e n t i a l l y  exchanges t h e  func t ions  

o r  quantum numbers of t h e  two atoms without exchanging t h e  e l e c t r o n s .  

We w i l l  choose our c o r r e c t  ze ro th  order  func t ions  t o  s a t i s f y  

Eq. (5-67) j u s t  a s  t h e  exac t  s o l u t i o n  does. The wavefunctions i n  

(5-68) w i l l  u s u a l l y  be abbrevia ted  and w r i t t e n  i n  t h e  form 

where t h e  f i r s t  le t ter ,  c , r e p r e s e n t s  t h e  s e t  of e l e c t r o n i c  

coord ina te s  centered  on atom c and t h e  second l e t t e r ,  d , r e p r e s e n t s  

t h e  set of quantum numbers &d , & amd Md . Then, Eq. (5-68) 

becomes 

4 l C ; d )  

(5-69) 

8 2  The c o r r e c t  zero th-order  func t ions  can now be cons t ruc t ed  . 
One s t a r t s  wi th  5" and a p p l i e s  success ive ly  the  p r o j e c t i o n  

- 
opera to r s  %z , oqt and t o  produce e igen func t ions  of  

t h e  good quantum numbers. On t h e  s u b s e t s  t h a t  s t i l l  remain 

degenerate and incompletely s p e c i f i e d  one d i agona l i zes  t h e  pe r tu rba -  

t i o n s  i n  t h e  order  of t h e i r  s i z e  u n t i l  each wavefunction i s  uniquely  

s p e c i f i e d .  The r e s u l t i n g  c o r r e c t  z e r o t h  o rde r  wavefunctions can 

always be w r i t t e n  i n  t h e  form, 



Here A, i s  r e s t r i c t e d  t o  the  values  M,,= J- M, . The 

behavior under C& r e s t r i c t s  t he  values  of t h e  c o e f f i c i e n t s  41) 
i n  t h e  sum. The sum over t h e  TaJ& can take  the  va lues  of 

Eq. (5-63) i n  general ,  but  i n  many problems, i t  c o l l a p s e s  t o  j u s t  

one or two terms. One obta ins  a s o l u t i o n  of t h i s  form for  each 

va lue  over t h e  i n t e r v a l ,  

(5-71) 

and for  each .n value,  j runs over t he  i n t e r v a l  

where a& i s  t h e  degeneracy of t h e  shbse t .  

16 j 6 84,' 3 > 

This  g e n e r a l  form (5-70) for  t h e  wavefunction a l s o  al lows t h e  

i n c l u s i o n  of t h e  LS coupl ing method. S u b s t i t u t i o n  of Eq. (5-62) 

i n t o  (5-70) s t i l l  leaves a sum of b a s i c a l l y  the  same form a s  (5-70) 

over t h e  LS products  3 . 
6 

It i s  convenient now t o  d i s t i n g u i s h  two cases .  They w i l l  be 

d iscussed  i n  S e c t i o n  V I .  

The 'Qesonant" Case. 

d i f f e r e n t  e n e r g i e s  (k&+&,) . Then i s  appl ied  i n  (5-70), 

and a f t e r  normal iza t ion  t h e  r e s u l t  can be w r i t t e n  i n  the  form 

This  occurs f o r  l i k e  atoms i n  s t a t e s  of 

(5-72) 
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, and t h e  s t a t e  i s  l abe led  g 

o r  ~4. a s  @ i s  even or odd. The t r u e  c a s e  of resonant  i n t e ra tomic  

f o r c e s  i s  a subcase of t h i s .  

The "Non-resonant" Case. Th i s  occurs  f o r  un l ike  atoms i n  any s t a t e s ,  

o r  l i k e  atoms i n  s t a t e s  of t h e  same energy ( k,= kb )  . I n  t h i s  

c a s e  t h e  

a r e  a l i k e ,  i s  redundant;  t h e  sum a l r eady  con ta ins  t h e  terms 

i s  omitted from Eq, (5-70) because even i f  t h e  atoms 
- 

produces. 

F i n a l l y ,  from t h e  or thonormal i ty  of t h e  atomic e igen func t ions  

and of t h e  c o r r e c t  zero th-order  func t ions ,  i t  i s  c l e a r  t h a t  t h e  

c o e f f i c i e n t s  i n  Eq. (5-70) and (5-72) form a u n i t a r y  mat r ix ,  

(5-73) 

3. Higher O r d e r  Wavefunctions 

The wavefunctions $: f o r  n = 3, 4 ,  and 5 a re  s o l u t i o n s  of 

They can  be expressed  i n  " f i r s t - o r d e r "  type  equa t ions  from (C-47). 

s p e c t r a l  expansions 65J68 over t h e  complete se t  of atomic wavefunctions,  
J . The zJ,l a r e  p roduc t s  i n  t h e  form of 

(5-64), and p > g  
not  belonging t o  t h e  degenera te  set .  

i m p l i e s  t h a t  t h e  set inc ludes  a l l  such p roduc t s  

The expansion of t h e  " f i r s t  o rder"  
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s o l u t i o n s  can  then  be w r i t t e n  i n  t h e  form, 

l'3 
The prime on t h e  f i r s t  sum impl ies  omission of t he  k = i term. The 

e x p l i c i t  forms of t h e  c o e f f i c i e n t s  <%: I $:> depend on t h e  

p a r t i c u l a r  problem and a r e  no t  needed t o  determine t h e  s e l e c t i o n  r u l e s  

i n  t h e  next  s e c t i o n .  
I (b) 

The s ix th -o rde r  wavefunction, vis , i s  only  needed f o r  one 

i n t e g r a l .  It appears  i n  E q .  (5-38), and i t s  s e l e c t i o n  r u l e s  will 
( 6) 

be  obta ined  wi thou t  w r i t i n g  out  i n  any d e t a i l .  


